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RelationshipBetweenl ncentivesOr ganizationalloyalty

A field studyonpublic administrationin the interest ofreal estate registrationin
Libya

Dr.Albgdada Khalil AlAshkm

This study aimed to identify the relationship between incentives and organizational
loyalty in the Public Administration for Real Estatein Libya, and to know the impact
of demographic variables, represented by sex and eligible scientific and number of
years of service and training courses on the incentives and organizational loyalty.

The comprehensive survey method is used.All the workers in the public
administration for real estate registration in Libyais selected as a sample for this
study.

The study found the existence of a strong positive correl ationbetween incentives and
organizational loyalty.The level of significance was on 0.01 level. The results reveal ed
a significant effect of incentives, independent variable, on organizational loyalty'sas a
dependent variable. In addition, the presence of statistically significant differences
between the views of the members of the research sample on some incentives and
organizational loyalty that can be attributed to sex and scientific level and number of
years of service, were the values of the significance level calculated for variables
smaller than the tabulated value (0.05). The results showed the lack of statistically
significant differences between the views of the members of the research sample
about the incentives and organizational loyalty due to the variable training sessions.
The calculated level of significance of the variable valuewas greater than the tabul ated
value (0.05).
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LANGUAGE LEARNING STRATEGIES PROFILE OF EFL SECONDARY
SCHOOL STUDENTSINLIBYA

Hassuna B Ali Krayem
University of Zawia
Libya

ABSTRACT

This study was carried out to identify language learning strategies (LL Ss)
used by secondary school English as a foreign language (EFL) learners in Libya.
First, it investigated the types of language learning strategies used by successful
and less successful students. Second, it investigated the relationships between
these strategies and two independent variables that might influence their strategy
use. These variables were language preference and gender. The methodology
adopted was a combination of a mixed-method design ‘triangulation’. The subject
selection of 578 third-year students was carried out by stratified and random
samplings. The research instruments and techniques employed in data collection
were a survey questionnaire and focus-group semi-structured interviews. The
result showed a high level of coefficient (.830). Descriptive statistics showed that
the most frequently used strategy was meta-cognitive strategies (M=3.81),
followed by cognitive strategies (M=3.49), compensation strategies (M=3.34),
memory strategies (M=3.26), and affective strategies (M=3.23), whereas the |least
preferred category was socia strategies (M=3.18). The results also suggested that
successful students used learning strategies significantly more frequently than less
successful students. The results showed that there was no statistically significant
difference between male and female students in the use of overal language
learning strategies and strategy categories except for cognitive strategies.

Keywords: language learning strategies, successful and less successful,
triangulation, gender and language preference.

1. INTRODUCTION

The study of LLSs (Language Learning Strategies) witnessed enormous
amount of interest since there has been a significant shift within the field of
language learning and teaching with greater emphasis toward learners and learning
rather than teachers and teaching. This shift led to that the focus of research in the
area of EFL (English as a foreign language) has become of the identification of
how learners process new information and what kinds of strategies they employ to
understand, learn or remember the information.

According to Lessard-Clouston (1997), the language learner who is capable
of using a wide variety of language learning strategies appropriately can improve
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his’her language skills in a better way. Developing skills in using LLSs can help
the language learner build up learner independence and autonomy. As the case in
Libya, English has become the most popular foreign languages among all students.
However, there has been a lack of studies on the use of language learning
strategies by secondary school and university students learning English to date.
The Libyan education system in general still focuses more on teaching strategies.
On the other hand, the policy of development has currently worked on reviewing
the current curriculum taking into consideration the globa changes in the learning
process towards student and learning. The recommendations, which were
presented in the National Report of Libya (2008), were that the curriculum has to
include strategies of learning and education.

This study has been conducted on third year English Speciaization
secondary school students in Libya. Students who pass this year will have to join
the university English department. This study is intended to provide significant
findings on language learners in Libya where the teacher is still at the center of
classrooms and little room is left for students to become independent or active
learners. This means that the teacher is the only active person in the classroom and
the learners are totally passive and just follow the teachers’ instructions. In such a
situation as this, much can be learned from carefully studying the learning
strategies employed by secondary school students in Libya. By exploring factors
affecting learners’ strategy use, it is believed that the shift from the “teacher-
centered practice” to a more “learner-centered” can become a reality.

2. LITERATURE REVIEW

The paradigm shift from behaviorism to cognitive science in psychology and
education research led to efforts to explain the cognitive processes in all aspects of
learning. In paralel to this new shift of interest, how learners process new
information and what kinds of strategies they employ to understand, learn or
remember the information has been the primary concern of the researchers dealing
with the area of foreign language learning (Wenden & Rubin 1987; Oxford 1990,
1996¢c; O'Malley & Chamot 1990; McDonough 1995; Cohen 1998). As a
consequence, different learning strategies have been identified and a number of
taxonomies of learning strategies have been proposed. An understanding of
students' learning strategies provides researchers with insights not only into the
processes of second and foreign language learning but also into strategies of
successful and less successful learners.

2.1 anguage L earning
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O’Malley and Chamot (1990, p.17) stated that “the role of learning strategies in
the acquisition of information generally can be understood by references to the
information processing framework for learning”. According to this framework,
when new information is acquired, it is stored in the short-term memory, i.e., the
working memory which holds a limited amount of information for only a short
period of time. Long-term memory, on the other hand, has an unlimited capacity
regarding how much or how long information can reside Siegler (1998).

Most information is stored in long-term memory as either declarative knowledge
or procedural knowledge as claimed by Anderson (1983). Declarative knowledge
refers to what we know or can declare, such as facts about people and places.
Procedural knowledge refers to what we know about how to do something, such as
knowing how to make a cup of coffee. Procedural knowledge is stored in memory
as production systems which consist of a series of steps that include a condition
and an action as explained in the work of O’Malley & Chamot (1990). For
example, In order to meet the goal of memorizing a new word in any context, the
learner must find out the meaning of the word by taking actions such as referring
to a dictionary. Procedural knowledge is most effectively learned through
practicing a complex procedure that is meaning-based and goal-oriented.
Declarative knowledge is best |earned by exerting existing memory and activating
prior knowledge. Learning occurs, according to Jean Piaget, through the cognitive
processing of environmental interactions and the corresponding construction of
mental structures to make sense of them. He called these mental structures schema
and posited two kinds of cognitive processing involved in schema construction.
The first cognitive process is assimilation in which new information is integrated
into the existing schemas in a way the same a new ward is added to an existing
building. The second cognitive process is accommodation which means new
knowledge conflict with existing schemas which accordingly must be altered to
incorporate it.O’Malley and Chamot (1990, p.52) concluded that “learning
strategies are complex procedures that individuals apply to tasks; consequently,
they may be represented as procedural knowledge which may be acquired through
cognitive, associative and autonomous stages of learning”. Nyikos and Oxford
(1993, p.11) states that “learning begins with the learner”. This implies
acknowledgement of the fact like the proverb which says: lead the horse to the
water but it must do the drinking itself. Applied to the language teaching and
learning field, this proverb might be interpreted to mean that even with the best
teacher and method, students are the only ones who can actually do the learning. If
students are provided with answers, the immediate problem is solved. But if they
are taught the strategies to work out the answers for themselves, they are
empowered to manage their own learning. One way to do this is by getting them
aware of good learning strategies.

2.2l anguage L earning Strategies
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The term strategy has been defined as the art of planning, i.e. a particular plan for
winning success in a particular activity as in a war, a game, a competition, or for
personal advantage and skilful planning generally. This definition has been
supported by the work of Wenden and Rubin (1987). However, in language
learning the term has been used differently. Strategy involves planning,
movements, mental or behavioral. It’s a particular plan that may or may not be
successful. Research into language learning strategies or what learners do when
learning a language has reveaed specific strategies in a certain classification. This
research gave rise to a number of empirical studies in which strategies were listed
and defined. The term language learning strategy has been defined in various ways
by a great number of researchers. One of the earliest researchers in this field is
Rubin (1987). Rubin (1987, p.23) proposes that “language learning strategies are
strategies which contribute to the development of the language system which the
learner constructs and affect learning directly”. She also suggests that language
learning strategies include “any set of operations, steps, plans, routines used by the
learner to facilitate the obtaining, storage, retrieval and use of information”. Zahra
N & Akram N (2007) stated that language learning strategy is employed by the
learner to be more proficient. Similarly, Oxford (1990) clams that appropriate
language learning strategies could help learners to gain self-confidence and
Improve language proficiency. Mohamed Amin (1996), in his thesis on “Language
Learning Strategies Employed by Secondary School Students Learning English as
a Foreign Language in Malaysia” defines language learning strategies as ‘the
plans and/or actions that learners take to enhance their process of learning’.
Language learning strategies have also been broadly defined by Green and Oxford
(1995, p.262) as “any set of operations or steps used by a learner often
intentionally to improve their progressin developing L2 skills”

2.3Classification of Language L earning Strategies

Language learning strategy classifications have generally been developed for
research purposes. However, no clear agreement on specific classification or
definition has been set out so far. By using different principles and different
definitions and concepts of learning strategies, researchers classify learning
strategies in different ways.

Naiman et a. (1978), in Gamage, G. H. (2003), for example, divides
strategies into two classes: primary and secondary, according to their different
impacts on language learning. Similarly, Dansereau (1978), in Shuwairekh,
(2001), distinguishes two categories. primary and support strategies. Wenden
(1991), in comparison, distinguishes two categories. cognitive strategies and self-
management strategies on the basis of their function in learning. Strategy
classification systems Rubin (1987), O'Malley & Chamot (1990) and Oxford
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(1990) are most frequently referred to in the literature and seem to have made the
most important contribution to our knowledge of learning strategies. The
categories strategies of Oxford’s taxonomy are criticized for that they are
connected and support each other and sometimes it is difficult to distinguish which
belongs to which; in other words, there is some overlap between these categories
because in some cases the same strategy belonging to one category can be
classified under a different category. For example, meta-cognitive strategies and
cognitive strategies are used together. These ideas have been explained in the work
of Rasekh and Ranjbari (2003). However, language learning strategies
classification in this study is based on the Oxford’s (1990) classification because it
Is comprehensive, detailed and systematic. Moreover, it is reliable and valid across
many cultural groups, and it links with each of the four language skills of
listening, reading, speaking and writing as stated by Oxford and Burry-Stock
(1995).

3. METHODOLOGY

To obtain broader perspectives and to provide a much more detailed and
comprehensive picture of that which is being explored, the researcher employed
multiple research methods for the purpose of triangulating gquantitative and
gualitative data sources. This study was cross-sectional which means it took place
at a single point in time. By employing a mixed-method design, which has been
introduced in the work of Creswell (2003), this study fulfilled the expectations that
data from quantitative methods (questionnaire) and qualitative methods (using
students’ interviews) generated a more comprehensive picture of the learning
strategy profiles of Libyan EFL learners

3.1 Theparticipants

The participants of the study were Libyan secondary school students. This
study targeted third-year students who were majoring in English. Of the 578
participants, 253 were identified as successful students and 325 were identified as
less successful students.

3.2Instruments

A set of questionnaire and semi structured interview were used in the study
as the instrument to gather information. This set of questionnaire consists of two
parts. First part consists of questions about the personal particulars of the
participant. The second part is adapted from Oxford’s Strategy Inventory for
Language Learning (1990) (SILL version 7.0).

3.3Data analysis
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Data collected was analyzed using SPSS 16.0 and content analysis. The data
obtained was analyzed using frequency, means and standard deviation to identify
the strategies used as well as the participants’ demographic information.
Independent sample T-test was used to compare the strategies used by the genders.
On contrary, one-way between groups ANOVA with post-hoc comparisons test
was used to investigate the variation in strategies used according to the students’
language preference.

4. FINDINGS
4.1 The Language Learning Strategies (LL S) used by students

The results suggested that there were significant differences between
successful and less successful students in using LLSs. The results demonstrated
that the successful students used overall strategies significantly more frequently
than less successful students. Among the six strategy categories investigated,
Meta-cognitive strategies were found to be the most favoured strategies followed
in turn by the, cognitive, compensation, memory, affective and social strategies.
The score was high for both groups when using meta-cognitive strategies, whereas
the least strategy category used for successful and less successful students were
social strategies. The frequency of overall strategy use fell within the medium
range and the frequency of each strategy was within or above the medium range,
which indicated that the participants were aware of strategy use and tended to use
avariety of strategiesin their learning process.

Table 1 LLSs Used by Successful and Less Successful Students

_ Slsjtff OTﬁnSIlSJI suclzzgf ul _

Strategies Students Sig
mean Mean

Overall 3.72 3.18 .050
Memory 3.63 2.97 .002
Cognitive 3.67 3.34 .007
Compensation 3.62 3.12 .019
Meta-cognitive 4.14 3.56 .001
Affective 3.63 2.92 045
Socid 3.55 2.89 .005
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4.2 Thedifferences of LL S used between genders

The results showed that the participants of both genders seemed to have
similar strategy utilization using repeatedly LLSs such as using L1, repetition,
using copybooks and taking notes. However, Female students were more active in
using this strategy than male students. The results showed that there was no
statistically significant difference between male and female students in the use of
overall language learning strategies and strategy categories except for cognitive
strategies where female learners found to be using these strategies more than male
ones. Meta-cognitive strategies were the most frequently used strategies by both
groups whereas the | east preferred category was socia strategies.

It was noticed that the femal e students tended to seek interactions with other
students of English and paid greater attention to the cognitive strategies more
frequently than the male participants. The males, however, seemed to put more
emphasis on strategies related to vocabulary learning. Using new words in
sentences and reading for pleasure were used by males more often than females
and regarded this as useful strategies. A possible explanation for this result, that is
significant difference was found only in using cognitive strategies category, could
be of that the participants of this study were English majors which consequently
minimized the gender effect in the use of the other five strategy categories.

The finding of the relationship between gender and strategy use in the
current study was consistent with a number of previous studies. Sheorey and
Mokhtari (2001); Wu (2003); Hsu (2007); Lo (2007); Lee (2008) found no
significant difference between the male and female readersin the use LLSs

Table 2 Group Statistics of the Male and Femae Participants for strategy
categories

Std. Error
gender [N Mean |Std. Deviation [Mean
Memory male |149 |3.35 |.64845 .05312
female [429 (3.23 [.74101 .03578
cognitive male 149 [3.36 [.78418 .06424
female [429 |(3.53 [.83836 .04048
compensation male  |149 [3.31 |.82376 .06748
female 429 (3.35 [.86002 .04152
Meta- male 149 |3.75 |.83469 .06838
COONItive  tomale |428  |3.83 |.85637 04139
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affective mae |149 [3.32 |.69222 05671
female 429 |3.20 |.79688 .03847
social mae |149 (3.22 |.71536 .05860
female |429 |3.17 |.77162 03725

*=p<0.05

4.3Language lear ning strategies and language pr eference

The findings showed that successful students who said ‘I like English very much’
expressed high and more frequently use of overall LLSs compared to those who
said ‘I liked it”, but they showed less frequent use of strategies compared to those
who chose ‘I do not like it”. Less successful students who chose ‘I like English
very much’ used LL Ss more frequently than the other two groups.

Table 3 Summary of Descriptive Statistics for Using Overall Language Learning
Strategies Regarding English preference

English preference successful | Less successful
| likeit very much | Mean | 3.73 3.27
N 206 192
Std. D | .37960 44613
| likeit. Mean | 3.58 3.07
N 38 123
Std. D | .28254 40610
| don't like Mean |4.13 2.92
N 9 10
Std. D | .51361 .24988
Totd Mean | 3.72 3.18
N 253 325
Std. D |.38283 43818
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The same finding was reported in the use of the six strategy categories as
successful students showed greater frequent use of learning strategies than less
successful ones. In terms of strategy categories as genera findings, for successful
students, those who chose ‘I don’t like English’ employed LL Ss more frequently
than those of the other two choices. For less successful students, on the other hand,
those who chose ’I like English very much’ used LLSs more frequently than the
other groups.

Table 4 Descriptive Statistic for Using LLSs by Successful Students Regarding
English Preference

| likeit very much | I likeit | don’t like it

N (M |SD N /M |SD N M |SD

Strategies

Meta-
cognitive

Affective | 206 | 3.66 | .63547 | 38 | 3.41| .59242 | 9 | 4.07 | .64609
Social 206 | 3.56 | .62852 | 38 | 2.42 | .507/82 |9 | 3.91|.69777

206 | 4.14 | .73725| 38| 3.98 | .66292 |9 | 4.70| .07857

Meta-
cognitive

Affective | 206 | 3.66 | .63547 | 38 | 3.41| .59242 | 9 | 4.07 | .64609
Social 206 | 3.56|.62852 | 38| 2.42 | .50782 |9 | 3.91 | .69777

206 | 4.14 | .73725| 38| 3.98 | .66292 | 9 | 4.70 | .07/857

Table 5 Descriptive Statistic for Using LLSs by Less Successful Students
Regarding English Preference

| likeit very much | I likeit | don’t like it
Strategies

N |[M |SD N |[M |SD N M |SD
Memory 192 | 3.00 | .70608 | 123 | 2.94 | .68743 | 10| 2.88 | .35312

Cognitive 192 3.51|.86857 | 123 | 3.16 | .74907 | 10 | 2.39 | .88205
Compensation | 192 | 3.15 | .94314 | 123 | 3.08 | .71555 | 10| 3.03 | .63246
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'V'et"’?'. 192 1 3.71|.83735| 122 | 3.31 | .84660 | 10| 3.61 | .76488
cognitive

affective 192 | 2.94 | .69497 | 122 | 2.88 | .76468 | 10 | 2.93 | .66759
socid 192 1 2.89|.74121 | 122 | 2.88 | .71795| 10| 3.05| .70732

These findings were verified by the results from the semi-structured
interviews. Students of the choice ‘I like English very much’ were more active
during the interviews discussion and expressed the use of different learning
strategies. This reason, they said, made them spend much time studying and
consequently employed different learning strategies. As general findings of this
section, it is very apparent that the more frequency use of learning strategies
related to the degree of English preference.

5. CONCLUSION

This study had two objectives Firstly, to identify Libyan secondary school
students’ language learning strategies used by successful and less successful
students. Secondly, to investigate the relationships between these strategies and
two independent variables. English preference and gender. The results indicated
that secondary school students in Libya used a variety of language learning
strategies. Meta-cognitive strategies category was reported the most frequently
favored type for successful and less successful students. Social Strategies were
found to be the least frequently strategies employed by both groups. The result
proved the superiority of successful students to less successful ones in the use of
learning strategies. The successful students used language learning strategies
significantly more frequently than less successful students.

The results of the data analysis showed that Meta-cognitive and cognitive
strategies were the most frequently used strategies by both groups. However, the
results revealed that groupl students reported using various strategies for learning
language compared to group2 students. Living in an English-speaking county
or/and having English course out of the school discipline variable has no relation
with the use of meta-cognitive and socia strategies while there was large
correlation with the use of the other four strategy categories; cognitive, memory,
compensation and affective strategies. Degree of English preference also was
found as a significant predictor of LLSs use. The successful students of al the
three groups used overall language learning strategies more frequently than less
successful students.
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A Connection between a zero-divisor graph I'(R) and a ring graph G(R)

Osama AB. M. shafah Hamza S. Daoub
Department of Mathematics Department of Mathematics
Zawia University - Libya Zawia University - Libya
Abstract

If we have a finite commutative ring R with n elements and @: R?> — R? is a
mapping, where @(a,b) = (a + b,ab) for alla,b € R, then @ defines a finite
directed graph G = G(R), with vertices R? and edges defined by @. And if we
suppose that T'(R) is a zero-divisor graph of the same ring R, then for any a, b € T'(R)
such that ab = 0 the pair (a+ b,0) will have a loop of level 2 in each tree
component, because @(a,b) = (a+ b,ab) = (a+b,0) and @(a+b,0) = (a +
b,0) is a loop. So if we have a zero-divisor graph I'(R) then all vertices (a, b) such
that ab = 0 must be on level 2 of the graph G(R), the same thing holds for all
vertices of the form (0, a), a # 0. Under this dictation we will have a nice connection
between I'(R) and G = G(R) as in theorem [3.1].

1. Zero-divisor graph

The idea of a zero-divisor graph of a commutative ring was introduced by 1.
Beck in [5] where he was mainly interested in coloring of commutative ring. This
investigation of colorings of a commutative ring was then continued by D. F.
Anderson and M. Naseer in [3].

1.1 Definition

An element x in aring R is called a zero-divisor if there exist a non-zero element y in
R such that xy = 0.

1.2 Definition (Anderson and Livingston graph I'(R))

Let R be a commutative ring with 1, and let Z(R) be its set of zero-divisors. We
associate a (simple) graph I'(R) to R with vertices Z(R)* = Z(R)\{0} , the set of non-
zero zero-divisors of R, and for distinct x,y € Z(R)*, the vertices x and y are
adjacentif x y = 0.
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Thus I'(R) is the empty graph if and only if R is an integral domain.

1.3 Example

Below is the zero-divisor graph for (Z¢ ,+,7) and (Zg ,+,").

Note that this example shows that nonisomorphic rings may have the same zero-
divisor graph.

1.4 Theorem ([4], Theorem 2.2)

Let R be a commutative ring. Then I'(R) is finite if and only if either R is finite or an
integral domain.

1.5 Definition

Foranyx,y € Z(R), definex ~y iff xy =0 or x = y. The relation ~ is always
reflexive and symmetric, but usually not transitive. The zero-divisor graph I'(R)
measures this lack of transitivity in the sense that ~ is transitive if and only if I (R) is
complete. (Not all graphs under this condition are simple).

1.6 Example

In [Example 1.3], the zero divisor graph for (Zg ,+,) will have a loop, because
4 x4 =16 = 0 mod 8. The diagram will change as the following:

2. Degrees and Vertices

In this work, we consider the degrees of vertices in G(Z,). As usual, the
outgoing (incoming) degree of a vertex (a,b) is the number of arrows going out
(coming in) this vertex, since G is a function, so it is clear that the outgoing degree of
each vertex is one. One might ask what the incoming degree of the vertex (a, b) is.
The answer to this question was given in [1] as the following proposition.
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2.1 Proposition

The incoming degree of the vertex (a, b) € G equals the number of distinct roots of
the quadratic polynomial X? — aX + b € R[X].

If p is a prime, then the incoming degree of a vertex (a, b) in the graph G, can
be either 0 (if X* — aX + b is irreducible, i.e., 0 # 4b — a* € Z, is a quadratic non-
residue modulo p), or 1 (if 4b — a® = 0), or 2 (if 4b —a® # 0 is a quadratic
residue modulo p).

If n is a nonprime, then the incoming degree of a vertex (a, b) in the graph G,
can be greater than 2, which depends on the different factorizations of X? — aX + b.
(As we will see in Figure 1 when n = 6, incoming degree is equal to 4).

2.2 Definition
The sequence:
2.1) (ai,by) = (az, by) = -+ = (ax, by)

of edges in G defines a cycle of length k (or a k-cycle) if (a, + by, arby) = (aq,by)
and (a; + b;, a;b;) # (a;, b;) forall j < i < k. In addition, 5k will be referred to the
directed cycle with vertices 0,1,...,k — 1.

In the following diagram; G; = G(%Z;) for i = 1,2,3,4,5, and 6. We notice
that there are cycles of length one (loops) as well as longer cycles. Also, some graphs
G; do contain G; as a (weakly) connected component and some do not. The definition
also implies that if kK > 1, then every b; # 0.

Gq: G,:Gy +
O 0T
G3:Gy + G, 3L, +
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R

Gs:G, + 2L, + Go:G,+ L, + L3 +

Figure 1

The following are propositions 3.1, 3.2 and 3.3 in [1].
2.3 Proposition

1) There are exactly n = #R cycles of length 1 (or loops) in G, and they correspond
to the vertices (a, 0).

2) Each connected component of G contains exactly one cycle, and the number of
connected components is n + #{cycles of length > 1}.

3) The graph Gy is a (weakly) connected component of G if and only if R has no
nontrivial nilpotent elements.
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Actually the n components corresponding to loops are trees, with these loops
as roots. Cycles of length greeter than 1 correspond to non-tree components, and the
graph G is a union of these two paths: G =T U N. [T refers to tree and N refers to
non-tree].

2.4 Proposition

If the sequence (2.1) is a k-cycle, then
01(b) = 05(b) = a3(b) =0, (gr(a) — Do (b) =0

where 6, (X) = 0,,(Xq,..., X)) =0f are the wusual elementary symmetric
polynomials in k variables.

2.5 Proposition

For k = 1, the “sequence" (2.1) is a 1-cycle (or loop) & gy (b) = 0.
For k = 2, the “sequence" (2.1) is a 2- cycle & o01(b) = 0,(b) = 0.
For k = 3, the “sequence" (2.1) is a 3- cycle & o1(b) = a,(b) = 03(b) = 0.

2.6 Remarks

1) It is easy to see that there exists a 2- cycle < the ring R has nontrivial nilpotent
elements. For, since (ay, b;) # (a;,b;), we have b; # 0, b? =0 and this is a
nilpotent in R. Conversely, if ¢ is a nilpotent, c*~1 # 0,ck =0 fork > 1, take
b = ck=1. Then b? = 0 and there is a 2- cycle (—1,b) » (b —1,—b) —» (—1,b).
Therefore, the existence of nilpotents in R is visible in the graph G in two different,
equivalent ways: the absence of a G;-component and the presence of 2- cycle.

2) In the case R = Z,, this is equivalent to the condition that n is not square free,
since Z, has no nontrivial nilpotents if and only if n is square-free. This leads to an
(inefficient) algorithm for deciding whether a given integer n is square-free: look for
2- cycle in the corresponding graph G,,.

3) The existence of a 3- cycle implies that the ring R has zero-divisors, since in such
case byb,b; = 0 and all b; # 0.

4) Proposition 1.3 suggests a tempting conjecture: if the sequence (2.1) is a k-loop,
then oy(b) = 0,(b) =---= g, (b) = 0. However, as the example R = Zs shows
(see Figure 1), it is already false for k = 4: there is a 4-cycle (2,2) - (4,4) =
(3,1) = (4,3) such that g;(b) = 05(b) = g3(b) = 0 and ag,(b) # 0. In this case,
o,(b) = 1 in accordance with the proposition.
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3. A Connection between a zero-divisor graph I'(R) and a ring graph G(R)

LetT'(R) be a zero-divisor graph defined as in [Definition 1.5]. Suppose
that a, b € T(R) are adjacent vertices, which means that ab = 0. Now we have two
cases:

(1): Wfa=+#b, thenab =ba=0= @(a,b) =0(b,a) =(a+ b,ab) = (a+b,0),
and
then @(a + b,0) = (a + b, 0) is a loop in the ring graph G(R).
(2): If a = b, then a is an idempotent element in R and thus a?> = 0 = @(a,a) =
(2a,0), and then @(2a, 0) = (2a, 0) is also a loop in the ring graph G (R).
These two cases can be explained as in the following diagram:

(a,b)

(b,a)

Figure 2

From figure 2 we can notice that an edge of a nonzero zero-divisor graph
corresponds to a point in a tree component! [In a non-tree component there are no
zero-divisors]. Moreover nonzero zero-divisors must be on level 2 in each tree
component and level 1 consists of n points(a, 0), a € R, so if we have a zero-divisor
graph T'(R) then all vertices in both cases (1), (2) must be on level 2 of the graph
G(R), also don’t forget vertices of the form (0,a), for alla € R,a # 0.
Because @(0,a) = (a, 0), and then @(a,0) = (a,0) are loops in G(R) for all a € R
which are (n — 1) cases in a finite ring R with |R| = n. [i.e. vertices (0,a),a € R are
also on level 2 in G(R)].

If we refer to the number of vertices of level 2 in G(R) by u, the number of
edges in I'(R) by n,, and the number of loops in I'(R) by n;, then we can conclude the
following theorem from the above argument.

3.1 Theorem

Let R be a finite ring with n elements, and suppose that I'(R), G(R) are its nonzero
zero-divisor graph and ring graph respectively. Then
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u=m-1)+2n, +n,.
3.2 Example

Suppose that R = (Zg, +,7). Then by Example 1.3 we have n, =2 and n; = 0, so
u=(6-—1)+2x2+0=9 which is the number of vertices of level 2 in G(Zg) =
Gg. See ( Figure 1) to check.

References

[1] A. Lipkovski, Digraphs associated with rings and some integer functions,
Publishings De L’Institut Mathematique, Nouvelle série, tome 92(106) (2012), 35-41.

[2] A. Lipkovski, O. Shafah, H. Daoub, Vychislenie grafov konechnyh kolec.
Vrnjacka Banja Serbia-Budva Montenegro, August 27-September 5, 2011.

[3] D. Anderson and M. Naseer, Beck’s coloring of a commutative ring, Journal of
algebra 159, 500-514 (1993).

[4] David F. Anderson and Philip S. Livingston, The Zero-Divisor Graph of a
Commutative Ring, Journal of Algebra 217, 434-447 (1998).

[5] I. Beck, Coloring of commutative rings, J. Algebra 116 (1988) 208-226.

[6] S.B. Mulay, Cycles and symmetries of zero-divisors, Comm. Algebra 30 (7)
(2002) 3533-3558.

[7] V. K. Bhat and Ravi Raina, A Note on zero divisor graph over rings, Int. J.
Contemp. Math. Sci., Vol. 2, (2007), No. 14, 667-671.

19 Cal s el als



&’2015 A nonlinear Neumann-type problem for a system of quasi-linear partial...

A nonlinear Neumann-type problem for a system of quasi-linear partial
differential equations of higher order in a rectangular domain.

Ali Abaoub and Abejela Shkheam

Abstract. This paper deal with a nonlinear Neumann-type problem for a system of partial
differential equations of the form

LPu(x,y) = Flx,y, (D7 Lu(x,))]

with boundary conditions, containing the normal derivatives of the unknown function u. The partial
differential equation is quasilinear, and the boundary conditions are nonlinear. The solution is proved
by reducing the problem to a system of integero-differential functional equations, and hence a local
existence of a solution is proved by Schuader fixed point theorem. The conclusion of this paper has
been expressed in theorem (3.1).
Introduction. Neumann-type problems has been intensively examined for second order hyperbolic
partial differential equation, or system of such equations, whose leading parts correspond to the second

2 0
form ZT]; — CLZ;? (cf. introduction in [9]). Neumann-type problems for second order hyperbolic

2
partial differential equation with leading parts corresponding to the first canonical form aj—ay have not

been considered despite the fact that analogous Dirichlet-type problems have been examined ( G.
Fichera[8],[9] B. Firmani[7]and the reference theorem ) except in paper [1] of A. Borzymowski. In the
mentioned paper a nonlinear Neumann-type for a system of hyperbolic integral differential equations of
order 2p,p = 1 with two independent variables is examine by reducing it to a system of the integral
functional equations and hence the local existence and uniqueness of the solution is proved on the basis
of the Banach fixed point theorem. In this paper we examine a nonlinear Neumann-type problem for a
system of partial differential equations of the form LPu(x,y) = F|x,y, (D° L'u(x,y))] where

(x,y) € 2= {(x,y) € R?:

0<x<A0<y <B},0<AB < o, p €N afixed number, N the set of positive integers,
(D”L"u(x,y)) being defined as the system of all expression D? L"u(x,y) where D° = D°1xD%y |
with0 < || = 04 + 0, <landv =0,1,...,p — 1 containing boundary conditions containing the
normal derivatives of the unknown function u. The partial differential equation is quasilinear and the
boundary conditions are nonlinear. The problem was reduced to an equivalent system of integro
differential functional equations. The existence of the solution has been proved by using the Schuader
fixed point theorem.

Now, we introduce the rectangle Q@ = {(x,y) ER%Z0<x<A4,0<y <B, 0<A,B < o}, anda
system of 2p curves I; and T"j given by the equations y = f;(x) and x = f;(y), respectively,
fi:10,4] - [0,B] and h;: [0, B] - [0,4],j=0, 1, ..., p-1. A part from the number p € N, we now
consider a number » € N and denote by u = (u,) where s=1, 2, ..., r. In sequel |u| will stand
for max << |ul.

Let L = % , denote by n; and ; the unit vectors normal to I; and 1:1 respectively, (j =0,1,... ,p-1)
and introduce the class K(Q) of all functions (vectors ) u: Q@ — R", such that LPu € C. We deal with
the system of partial differential equations

(1.1) LPu(x,y) = F[x, v, (D"L"u(x,y))]

(x,y) € Qand Fisagiven function, by a solution of system (1.1) in Q we mean a function u € K(Q)
satisfying (1.1) at each point (x,y) € Q.
We examine the following boundary value problem (P):
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(e 0) = e (a5 )

(1.2) i
d—ﬁjL’u(h,- O).y) = N, [y, (D"L”u(h,- (y),y))*]

Where M; and N; are given functions and D?L"u(x,y), is defined as D? L"u(x,y) we make the
following assumptions:
NLetg & >0andS;,S =0, be constants such that the inequalities
S, = max o max (5,5) <1, x'% < bgA®, y'™5 < b&BY

are satisfied for j=0, 1,..., p -1, where b}E} ,w; and @; are positive constant. Moreover, let §,, h and

hj be given numbers such that 5, € (1,2),h,h; > 0 and m;,7; > 0 constants such that
sup |}§- ™| <aq , sup |hj(y)| <G
13 (0.41] [0.1]

. _ Nj Nj_ 147 Ny Ni g%
g = max (m”a " )max (7277 <1
Where
N=pB+p—j—1Lh=hfor 0<j<p-2,h=hforj=p-1
All the given constants are required to be independent of A and B. We assume that the functions fjand
hjare of class €' and satisfy the conditions
fi(0) = h(0)=0, fi(A)=B, K (B)=4

4 f} (.X') S ! h'] (J’) ~ S
fi () = max(mjx ¢ x|, h(y) = max W,cj x>
x € (0,A4], y € (0,B]. Moreover, the functions fj' and h]f satisfy the Libschitz condition.
INThe F: Q x R3" — R” is continuous and satisfies the conditions
|F(X,y,f) - F(i,f’,g” < Kl [x(x— f)al + J’(}’— }_’)al] + KZ [Z|J|+v£p—1|fa,v||fa,v -

So,va+
+ Z|J|+v$p|€(r,v| |€(r,v - go,vl

F(0,0,(0)) =0
0<% <x <A0<y <y<BI|f <[] where& = (§,,)witho = (0y,0,) ,0< |o| = 0y +
o, < 1,is asystem of 3prelements, £ is defined analogously, (0) is the system of 3pr zeros, K; and

- _ . _ max / g, 1
K; are positive constants, and a, € (S,,1], @, € (b,,1] with b, = (ﬁ0+1,ﬁ0+h).

[N\ The functions M;: [0, 4] x R¥®~D" - R™ and N;: [0, B] x R3®~D" — R™ are continuous and
satisfies the following conditions

P
M08 =M (@D < Kl G- D%+ Y [ullénn = Gull x| D) 160l
0<lol <1 0<lol <1
0<v<p-2 L0<v<p-2
i P
|N](x,€) —I\G(f,gﬂ < K3[yp_j(y_ }—/)az + Z |fo,v||fo,v - ga,v” X Z |ch,v|
0ol <1 0ol <1
O<v<p-2 L0<v<p-—2

where particular symbols are defined above, K is positive constant and «, € (S,, 1]. Moreover, at the
common points of the curves T; and l:] the functions M; and N; satisfy suitable compatibility
conditions. We assume that the parameters appearing in Assumptions I-111 satisfy the following
conditions
0< h< h,=min(ay,az,a; +2— Bo—S.a, +2— Bo—S5.)
h@)™ < n
Remark 1\ Let us assume that I, = T, f} = T}, and that T, and T, have no common points apart
from (0; 0) and (A;B). Setting T' = I, U [}, and denoting by Q the domain bounded by T', we can
assert that problem (P)is in the considered case a Neumann-type problem for the domain {, with the
boundary conditions (1.2) given on its boundary I'. The compatibility conditions for M; and N; are in
the case
M;(0,$) = N;(0,8), M;(A ) =N(B¢)
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2. Auxiliary results: The following lemma was proving in [4]

Lemma 2.1: A function u € K(Q) is a solution of a system (1.1) in Q if and only if
2.1 u(x,y) = R,(x,y) + u.(x,y)
Where

x Y
&mw=@4fﬁ@~mwﬁW*W@wwm
0

2.2 ]

() = ) An Y0 (0 + XTI, ()]

with FU(z,t) = F[r,¢t, (DL u(z,t))], A = (kD)7! fork € Nu {0}; and ®,,: [0, 4] - R%",
W.:[0,B] - R3" ;m=1,2,..., pare functions of class C?, ®,,and ¥,, are defined by

(Dm = é‘1m®0 (X) + (1 - Slm)Am—Z fox(x - T)m_2¢m—1 (T)dT
W () = 1P () + (1= 81)Am 2 J; 7 = O™ P 1 (D)dt
With @,: [0,4] - R",k=0,1, ..., p -1, begin functions of class C', &,,, is the kronecker delta,
A_=1.
Proof: Assume that u is a function of the form (2.1) where &,, and ¥, are functions of class C?, we
are going to prove that u is a solution of (1.1) in . Let us observe (2.2) implies

2.3

p
D)(crl D;Tzu* (X, )’) = Z Am—az—lym_az_lcI)fn1 (X) + Am—ol—lxm_al_lqu(rflz (}’)
m=oy+1
Since @,, and W, are function of class C? whence all derivatives D,le;Zu*(x, y) are continuous
functionin Q for 0 < ay,0, < p, then
LPu,(x,y) =0
By mathematical induction we can prove that the following relation
LPR,(x,y) = F*(x,y)
holds good for all p.
Assume that u is a given solution of eq.(1.1) in , we will prove that, for
v =1,2,...,p the following relation

LP7u(x,y) = Ry(x,y) + ¢y (x,¥) + ¥, (x, )

p—v x YV
[ [ Al =00 -1 [0y + a9
holds good o
where

x Y
&@w=A%JJM—ﬂ@—m%W%mMMt
00

With &,_,: [0,4] > R", W, ;:[0,B] » R" ;k=1,2,..,v,v = 1,2,...,p are functions of class C*.
For v = 1 the above equality is satisfied, because if we integrate (1.1) and use the relationLPu € C(Q),
we have

LP_IU(X:Y) = Rl(x'y) + ¢p—1(x' J’) + lpp—l(x!y)
Where

x Y
RiGoy) = [ [ Peceyarae
00

®,_;:[0,A] » R",¥,_;:[0,B] — R" are functions of class c?

Thus for v = 1 the prove is completed.

If p > 2, by mathematical induction.

Assume that (*) is satisfied forv = n, where n is a positive integer suchthat 1 <n <p — 1.

Let us observe that, since u is a solution of equation (1.1) in Q , we have LP~"u € C(Q), and this
implies that

x YV
G, Y) = By (@) 4y O) + [ [ 1 mna

00
Where ¢,,_,_1: [0,4] = R", ¢,_,_1:[0,B] — R", are functions of class C" .
Then by using (*), we obtain

22 Cal s el als



&’2015 | A nonlinear Neumann-type problem for a system of quasi-linear partial...

Lp—(n+1)u(x’ ¥) = Ry (x,y) + ¢p—n—1(xv y)+ lljp—n—l(x; y)
p—v x YV
) [ [ 4201 = 06 = 07 84 6) + 9, ()]s
=10 0
Where ¢, _,_1:[0,4] = R",¥,_,_1:[0,B] - R",k=0,1,...,p- 1, are functions of class C*, k =
1,2,...,n+L;n=12,..,p-1
Hence, we have proved the relation (*) for v = n + 1 and as a consequence of this and of the
mathematical induction principle we can assert that the mentioned relation holds for all v € N, 1 <
v < p.
Setting v = p in (*), we get
u(x,y) = R,(x,y) + ¢o(x,y) + o (x,y)
p—-1 x ¥
) [ [ 8116 = 00 = P (0,206 + 9y ] s
=10 0
Where ¢,,_i; P,_i.are functlons of class C*.
Setting p — k = m — 1,and using (2.3) we can get (2.1).
Hence the prove of lemma (2.1) is complete.
Corollary 2.1: 1t follows from lemma (2.1) that if u is a solution of equation (1.1) in Q =
{(x,y) € R*:0<x <A,0 <y < B}; then we have

p
Vu@y) = 5@+ R, @D+ D Guy@y)
Where e
2.4 5 (x,y) =¢;(x) +¢;(y)
Proof: Since u is solution of equation (1.1) in, then
LP7"u(x,y) = Ry(x,y) + ¢p—v(x'y) +wp—v(x'y)
v—1 x ¥
[ [ A2l =00 =1 8,46 + vy D]y

Settingpp—v=j,p—k=m—1wehave v—k=m—j—1
Vu(x,y) = R,_;(x, y) +¢, (x) +¥; )

" z f f A2 [ = D0 =T 2 (a1 (©) + Py ()] dEdly

m=j+2
=75(0,y) +R,_; (x,y) + Zm=,+2 G, (x,y)
Where

Gy ) = | f 2 I =) = DT [y () + s ()] dEd
0

0
Let us assume that the direction cosines of the unit vectors n; and #; are given by equations

f ) 1
COS(OX, nj) = — o (x) COS(Oy, nj) = 6' (y)
]
1 KO
cos(ox, nj) = — m. COS(O)’, le) = - ej**(y)
Where
0= J1+ (f ), 6= 1+ (Ko

Let us observe (cf.Lemma(2.1),corollary(2.1)and the above formula)that if u is solution of problem (P)
then the functions u; ¢,, and 1, satisfy the integro-differential functional equations (2.1) and the
following system of integro-differential functional equations.

By corollary (2.1), and (1.2) we get
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%L u(xfi) = d} 5 (@) + Z Gy (6,7) + RE_ (x, y)‘ = M, [x, 0717 (%, £, () |
2.5 . =6
dd~ Uu(h»),y) = ¢, ° () **( Pl ACY )( j’((y;)) @ ;ZG m; (6 Y) + Ry (x, y)‘
=N [y_DU ru(h, (x), y)*] Y
Where
%w@mm=£ﬁMMMwﬂM=@w(f8%wa —

Conversely, if the function u € K(Q), ¢,, € C1([0,A4]), ,, € C*([0,B]),m=0,1, ..., p- 1 satisfy
(2.1) and (2.5) for (x,y) € Q thenu is a solution of problem (P). Thus, problem (P) has been
equivalently reduced to a system (2.1),(2.5). It is clear (cf Assumption I) that the conditions x #

0,y # 0 imply h;(y) > 0 and hence system (2.5) can be for £ (x) > 0 written in the form

0= (F) wefe+ e

2.6 _
B0 =(50) ¢ ohO) + WD)
Where
2.7 V¥ = V() + V(x), Wt (y) = W) + W (y)
With
noo= 294 zp: G (,7)
J - E_’(x) dnj A mj XY
28 ) y=f;(x)
_ e ()| d
W) = N0 (a7, Z Gm,,-(x,y)‘
m=j+2 x=hj(y)
and
V() = — éi—;{M, [x.(po2u (., )j-(x)))*] - [dd—/ Ri () }
29 y=f;(x)

m%hwthMM&wD]%WJWﬂMJ
J x=h;(y

In order to examine the system (2.1), (2.6), it is sufficient to consider the following problem (S):
Find function u € K(Q), ¢;: [0,4] —» R",¢;:[0,B] —» R",(j=0,1,...,p—1),such that ¢;,; €
¢! and
$;(0) = ;(0) =0
satisfying (2.1) for (x,y) € Q and (2.6) for x € (0,4],y € (0,B] respectively.
In the sequel we shall use the notation
w00 = ), w0 = Y =
where x € [0;A]; vy € [0;B].
Let A be the space of all system U = (w, (w1), )(w2,), =0, 1, ..., p - 1 where the functions
u: Q- R", w;;:[0,A] » R” and w,,: [0, B] - R" satisfy the following conditions : L*u € C* for k
=0,1,..., p-Lwj,wy; €C.
We introduce the linear operation in A (i.e. the addition of points and the multiplication of a point by
real number) in ordinary way and define the norm and the distance by

U|ll = max max| max sup|D?L/u(x,y)|, sup|lw;;(x)|, sup|w,;
Uil = max, [max, n1o| €3%] [0,5' 1 (0] [Mgl 2, |

and
B d(u,0) = |lu - 7]
U,U € A, respectively.
Lemma 2.2: The space A is a Banach space.
Let Z be the set of all points U € A satisfying the conditions
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DLu(0,0) = w,;(0) =0, 0< o] <1,v=1,2
|r11|:1>1<|D”L"u(x. ¥) =D Uu(® )| < prx + MY[(x — 0" = (y — 7"
ol=

2.10 |y () — w1, @] < ppxi (x — D)
|wa; () — w2 ;)| < p3xi(y — P
where 0 <k <x <A4,0 <y <y <B and p;, i=1;2; 3 are parameters .

Lemma 2.3 : Z is a convex set.

Moreover, all the functions D° L'u, w, ; and w,; are equicontinuous and uniformly bounded, by the
well known

Arzela-Ascoli theorem Z is compact in itself. Let us observe that if conditions (2.5) are satisfied then
by (2.6) we have

X

& () = f Wy, (€)de
211 °

W) = [ oy
0
whence and from (2.10) it follows that

|¢](X)| <cp, xNj+1+}~L
|9, | <c pg yNitHth
where U € Z, ¢ >0:
Let us observe that the system (2.1),(2.6) can be written in the form ( cf(**)).
u(x,y) = Ty (x,y)
2.12 wy,j(x) = T (x)
w3 j o= Té(}’)
x € (0;A]; y € (0;B] the unknown vector being

U= (u, (w1)), (wz,]-)) , where

p
Ty (63) = REEY) + ) Apaly™ 0y () + X", )
m=1

2.13 oy ' -1
T[J,(x) = (]3 (X)) Wy ° ]S(x) + I6’u(x)

T = (K0) e )+ WrG)

We shall introduce some formula that will be needed in the sequel.
By corollary (2.1)and(2.6)-(2.9) we get

x Y
Ay i 1Ay 38— f f(x — )P 2(y — )P I IR (1, t)dtdT +
00

x Y
1 _ —j—1 _ —j-2rpu
ej*(x) i i E,(x)ofof(x P77 (y — )P T2 F¥(x,y) dtdt

o0 |an Ry (x, y)] =9 y=£; ()
J J y=f;(x) for 0<j<p-2,p=2

+

2.14

—fF“( t)dt + LfF“( Nd
J X, fjl(x)o T,y)dt

y=f;(x)
forj=p-1
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x Y
1 ) )
Ay 1Ay, —f f(x — )P 2(y — )P I IR (1, t)dtdT +
hj(y)0 ;

x ¥
- f f(x — )Py — )P T 2R (x, y) dtd‘r}
00

.** d
2.15 e;lr((y)) [d~ —]( }’)] { x=h;(x)
AN x=h;(y) for 0<j<p-2p=2
y x
1
{h}f(y)J-F (x,t)dt — fF (T,y)d‘r}
0 0 x=h; (x)
forj=p-1
By corollary (2.1) we get
y
{ ) 760
X J[¢j+1(f) + 1/)j+1(J’)]dT +
’ p
- Ap—j3Am—j—2 X
e'(x) | d ’
iFu — ] - ) — m m
216 (x)—];_,(x) dnjm;ZGmJ(x,y)‘ N ] lff(x—r) T3y —t)m T2 x
y=rj&x
X (¢m—1 (T) + lpm—l (t))dth +
; _ \ym—j—2 _ +\ym—j-3
+ﬁ(x)0fof(x T2y — ¢y
X ((l)m—l (T) + 1ljm—l (t))dtd‘[]}y=f1 )
for0<j<p—-2p=2
0 forj=p—-1
and
{ o f (741431 (O] dt - f [741(0) + 41 0) e +
x y
NV [ TR eI
2.17 W' (y) = 00

Xy
X (¢m—1(T) + l/)m_l(t))dtd‘[ — j J(x _ymi=2(y — ymi3 x
00

X (1 (D) + 1pm_1(t))dtdr]}y:fj(x) for0<j<p-2p=2
0 forj=p-1

3. Main results: Evidently, the following lemma is valid
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Lemma 3.1 :If the system u, ¢; ,; is a solution of problem (S), then U is a solution of a system
(2.12).Conversely , if U € Z is a solution of a system (2.12) and if ¢; and ; are found in terms
w1 j, w,; by formula (2.11), then the system wu, ¢; ,1p; is a solution of problem (S).
We shall prove the existence of a solution of problem (S) by using the Schauder fixed point theorem.
We map the set Z by the transformation T defined by (cf(2.12))

3.1 ﬁ(xvy)z TU(x!y)

@y, (x) = TJ (x), @;(y) = TZ/(}’), Uez
where
7 B 0 forx=20
o () = {T’é ) forx € (0,4]
.. 0 fory=20
o= {T{)(y) fory €(0,B]

We shall find sufficient conditions for the inclusion T(Z) < Z:

Let us first observe that for x € (0,A4], y € (0,B] the following estimates hold good
3.2 max|D7 L/ i(x,y)| < [max(pz, p3) + c(e(p) AT Gx + )"

where p = (p1,p2,p3),e(p) =1+ p; + p; +p3, A =max(4,B) and w; = min(1,a; +2 —
ha2+L50—4.

By (2.4),(2.12),(2.13) and (2.14) we obtain

p

max|D°La(x,y)| < max {[D°¢; @]+ D% ()| + DRI )| + D7 ) Gy (19)
m=j+2

0< |ol=0+0,=1

If 6, =1, then o, = 0; we have D;' = % and by (2.4) we get

p
o , d d
D L y)| < | (0] + |a RY(x, y)| + o Zz G (%)
m=j
3.3 ;] = |, G| < p xR < pp e+ )Wt
(1°) If 0 <j <p—2,p > 2 we obtain by Assumption Il, relation (2.2) and (2.10),the following
inequalities

|— R“(x,y)| <c :_x fxfy[(x—‘r)(y—t)]p'j'lF“(r,t) drdt| <

00
x ¥

<c ff(x — )P 2(y — )P I IR (1, t) drdt <
00
<

C(e(p))chB_ﬁ0+al_E(x +y)NJ+E

) If j=p—1
y

|_ R“(x.y)| = fF“(x. O de| < c(e(p)’ A For =T (x4 )T
0

Hence by (1°) and (2°) we have

|— R”(x,y)| < c(e(p))’ A= Fo+a=F (x 4 y)Ni+F

p
d ~
— D Gy )| < (e() A G+ N
m=j+2
So,
[Do1 L ai(x, y)| < {pz + C(e(p))zc/l“’I } (x +y)Nith,
where wi =2— o+ a, — h
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Similarly we obtain the following inequality when g;=0 and o,=1 with D;Z =
|D2L wi(x, y)| < {p3 + c(e(p))zc/l‘“i } (x+y)Vith
Then, we get
max| D7 L i(x, )| < {max(pz,pg) +c(e(p))’ A%t } (x+y)Mth
o|=

3.4 |51,j (x)| < {,03 mN +h a]N + c( (p))p ) ZAwl} Nj+R

|52,j(y)| < {pz mN o a}N -|- ( (p))p - ZAw1} N+E

wherew; = (1—-S,,a; +2—By—h—S,, a1 +2— By — h—S,), whence and from (2.14) and
(2.15) it follows that a system U = (ﬁ (@1)), (52‘]-)) belongs to A and its components satisfy the
equalities (2.10)

Estimates (3.4) imply that the functions ; @, ; and @, satisfy, respectively, the conditions

|rr1|z;1)1<|D"Lfﬁ(x,y) - D°L/(0,0)| < {max(pl,pz) + c(e(p))zc/l“’f } (x +y)Ni [xﬁ + yﬁ]
ps

3.5 |61,j(JC) @4, (0) | < {p3 mN +h a]N + ( (p))p —j+2 Awl} Ny R
32, ) = @, O] < {po mN TaTT g (o) P am Jy iy

In the case when x € (0,A],y € (0, B] we have by (2. 1) (2.4),(2.12) and (2.13)
p

V) = 00+ 4 0) + R @M+ D Guy(y)

—] +2

o J .
36 gLu(x,y) ¢](x)+—R (xy)+ Z G j (x,y)

—] +2

a d
@L]ﬁ(x,y) l/)](y)-l-—Ru(x y)+ z ij(x }/)
m=j+2
Using (3.6) we get
14

0 . Ja . ) ) 0
—Vixy) - VaE 0| <lgjm-¢@|+| Y |-

d
o Gy (69) = 3G (50) | +

m=j+2

0 d B )
+ |aR] (x,J’) _aR] (x, 0)| < |(1)1J(x) _wl,j(x)| +

y
t|[ (#0104 ) | +
0

3.7
P

x ¥
“| 2, Of Of =D = "I (1 (0 + 1 (O)dedr| +

m=j+3
x ¥ x Y
+ ff(x—T)p_j_z(y—t)”_j_lP}u(T, t)dtdr| + jJ(x—r)p_j_z(y—t)”_j_le“(r,t)dtdr <
%0 00

< {p2 +c(e(@) A fx + )Y [ =D + y7]
Similarly, we have
|%Ljﬁ(x, ¥) = = (%, 0) | < {p3 +c(e(p))’Avi } G+ Y [x—D)F +yF]

Then

max| DL/ ai(x,y) — D7L/AE,0)| < {max(pz, ps) +e(e()) A% | G4+ 3)" [Gx =0 +y7]
o|=

By an argument similar to that in the derivation of above we get

max| D71/ ai(x,y) — D7L/(0,3)] < {max(pz, ps) +e(e()) A% | x4+ [+ =]
o|=
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Moreover,for 0 <X <x <A4,0< y <y <Byield

i [aa Gm,j (6,7) =

m=j+2

d )
| vty - | < |6 - 6] +

p x ¥
Z l f f (x =" T3 = )T 2 (-1 (T) + Y1 (1)) dtdT +
=j+310 0

IN

d 0
4Ry = S REGED)| < oy (@) — 0, )] +

|6x

(641 + 141 (©) de| +

Ct—

y
J- (¢j+1(x) + 1»[’j+1(t)) dt —
0

3.8

xYy
- f f (= D™ 3T = "2 (s (2) + P (6))dedz| +
00

x Yy iy
+ f f(x - P T2 (y — P T E (1, t)dtdT — j f()? PTG - P T E (g, t)dtdr <
00 00

< c(e(p) (e + )M G+ ) F [ - D + (v = )]
If j = p - 1; then by Assumption Il we have

a d . .
39 |- R = - REE D] = (@)’ @+ 3P0+ 0 [ = D F + (v = )]
From above we get
a . a . __ 2 N K
310 - vaey - vaGy | < for +e(ew@)’ A} e+ 9[-

+ G -»F
By an argument similar to that in the proof of (3.10) we obtain
J . Ja .
— i —— iy | <
5Ly — S Ve ) | <
< {p3 + c(e(p))zcﬂ“’{} X+ = BT + (x + y)Bo-Pa+ho—h-a1
+ -7
Thus, we get
arj 1w o Z 0} N; =\ R S\ R
311 max|DVaCxy) = DT )| < {max(py,ps) +c(e@) AT | G+ [ =D+ =]

We are going to estimate |@; ; (x) — @, ; (¥)| and |@,; (y) — @, (7)| inthe case when 0 < ¥ <
x <A0<y <y <B.
To this end let us observe that by (2.13) and (2.15) we have

|f51,j (x) — Wy, (f)| = |7}'U(x) - TJU(f)| =

o fi () = e i) |+

L,
o f()

3.12 +HVE ) - V()| < |wa) o fi(x) —wy o f;(X) | +

f()
1

| @2 o i@+ 7" @ =T @] + 700 - 7 (0]
J

In virtue of (2.8) we have
e (x)
f; (%)

7 Go) = 7 @] < [ M o) -

f,( )M“( )|
3.13 o) o)

+ | —Ru_.(x,y)] — = [—Ru_.(f,y)]
fp—j , N
f; () [dn, y=f, @) f; () |dn; Y=,
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with M*(x) = M, [x, <D"qu (x,};(x))) ],j =0,1,..,p—1.
From Assumptions I, 1l and formulae (2 10) we obtain

CLC I CON B G R W O I
E(X)M() E(>M()| E()M() E()M()+E()M() P M @) <

<cle(@) P avixNix - T

where w3 = a, +2— By— h— .
From above, we obtain

N N —1+h

3.14 @1, (x) — @y (0] {pgm a’
+ C(e(p))P—]+2A51}xNj (x — %) R
By an argument similar to that in deriving (3.13) we get
N N;

~ -~ -1+ —j+2 = _ 7

@2y 0) = @2y D] <fpam’ @ 4 c(e@) 7 BTN (- )F
It follows from (3.4) (3.9) and (3.14) that the functions%; @, ; and @, ; satisfy conditions (2.10)
provided that the following system of inequalities

+2
max(pz,p3)+c(e(p))p AY < py

3.15 p3mN aN R +c(e(p))p+2 A° < p,
psz’dN’ T c(e(@) A < ps
j=01,..,p — 1,0 = min(w],®;) is fulfllled where C is a positive constant independent
of p;,i=1,2,3.
Let us observe (cf. (1.3)) that the number
= \/g_
belongs to (0; 1)
We choose py, p,, p3 in (2.10) so that
p1 > max(py, p3) -
_ _N; Nj—1+h
b _ : _pmax (a7
P2 max (m?vja.Nj_Hh) ©
osip—1\ J J

We can assert that there is ® € (0, 1) fulfilling
p1 © = max(py,p3)
Hence, a system (3.15) is satisfied provided that
+2 — ~ .
c(e(p))p AP < [1 - max(@, 0 )] min(py, p3)
This inequality holds if A is sufficiently small, so that
[1 — max(®,8 )| min(p,, p3)
+2
c(e(@)””
Thus, on the basis of the reasoning performed above, we can assert that (3.16) implies the
inclusionT(Z) c Z.

3.16 A<

Lemma 3.2: The transformation T (see(3.1)) is continuous.

Thus, all assumptions of the Schauder fixed point theorem are satisfied and hence we can conclude that
there is a fixed point of the transformation T, that is system U, = (uo, (w)), (wg,)) €Z of
functions satisfying the system (2.12) for (x,y) € Q,x € (0,A],y € (0,B]. Substituting wyj ,
1,2,j=0,1,..,p — 1 to the formulae (2.11) and denoting the obtained functions by qu and z/)j JJj =
0,1, ..,p — 1, respectively, we can and assert(cf.Lemma (3.1)) that the system wu,, ¢]°,1p]° is a solution
of problem (S). It follows from Assumption I-111 and relations (2.10) that the given system of functions
U, ¢]9,1p]° is a solution of system of equations (2.1),(2.5) for (x,y) € Q, whence the function u0 is a

solution of problem (P).
As a consequence of the above-performed considerations we can formulate the following theorem.
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Theorem 3.1: If Assumptions I-111 are satisfied and A = max(4, B) is sufficiently small, so that
inequality (3.16) holds, then problem (P) has a solution.
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Linear Neumann-Type problem for a homogeneous partial
differential equation of even order in a rectangular domain

Abejela Shkheam and Ali Abaoub
Department of Mathematics, Zawia University, Libya

Abstract. This paper deal with a linear Neumann-type boundary
value problem for homogeneous partial differential equation (called

the Polyvibrating equation of Mangeron) of the form LPu(x,y) =
0,(where L = %,p a fixed positive integer) in the rectangle Q =
[0,1] X [0, ¢], ¢ > 0, with the boundary conditions of the problem
given in 2p curves that pass through the vertices (0,0) and (1, o) of
the said rectangle and do not intersect elsewhere. The problem is
reduced to a functional equation, and then by using the method of
G.Fichera [10], afterwards developed in papers [1] and [3] of
A.Borzymowski, the necessary and sufficient conditions for the
existence of a solution are derived and the solution is found in
series form, and this solution is unique under some conditions. The

main results of this paper are expressed by theorem 3.1.
1. Introduction

Boundary value problems with boundary conditions of the
Neumann or the third-type have been intensively examined for
second order hyperbolic partial differential equations (cf. [6], [13],
[11], [23], [26], [27], [18], and the references therein). Papers
devoted to higher order equations were not so numerous and
concerned mostly linear problems and the half-space domains (cf.
[21], [22] and the introduction in [2]). A.Borzymowski examined in
[2] a nonlinear Neumann-type problem for a system of high order
hyperbolic integero-differential equations in a rectangular domain.
In this paper we examine a linear Neumann-type problem for a
homogeneous partial differential equation called the Polyvibrating
equation of Mangeron (cf. [7], [17]) of the form LPu(x,y) =0 in
the rectangle Q,
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with two boundary conditions containing the normal derivatives of
the

unknown function u. We make some assumptions deferent from
that in [1].

Let Y be a Banach space with norm ||. ||, N the set of all positive
integers,
p € N a fixed number and Q the rectangle Q = {(x,y) € R?:0 <
x < 1;
0<y<o} where 0 <o <.

We consider the system of 2p curves, I';, and T] G=01,..,p—
1), of eg-
uationsy = a, (x), and y=p(x), respectively, where

o;, B;:[0,1] —I[0, o] are given functions.

Introduce the class K(Q) of all functions u:Q — Y possessing

. . . F
continuous derivatives TxT1oy7 " where [y | =y, +v,; 0<7y,,7, <
62
pandletL = Ty

Denote byn;, and f; the unit vectors normal toI;, and T]
respectively, (j =0,1,...,p — 1).

We examine the following boundary value problem (P):
Find a solution of the homogeneous Polyvibrating equation of
Mangeron

LPu(x,y) =0
(1.2)

in Q (that is a function u € K(Q) satisfying (1.1) at each
point (x, y) € Q) fulfilling the boundary conditions

d .
d—niju[x,(xj(x)] = M; (x)

(1.2)
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af; Lju[x, B; (x)] = N; (x)

(x€[01];j=01,..,p—1), where M;and N, are given
functions.

We make the following assumptions:
I- The functionse;, andg;(j=0,1,..,p—1), are strictly
increasing, of class CP~/, respectively, and satisfy the conditions
% (0)=p40)=0 o1)=1)=c (j=01.,p-1)

ay—1(0) S 0, (x); By—1(x) < B (x); a1 (x) < Bo(),
forxe (0,1); v=12,..,p—1,
min (0(0), Byp—1 (1)) > 05 0p,_1(0) < o (0),
Bo(1) < 05,1 (D).

I1- The functions M;,N; : [0,1] =Y (j=0,1,..,p—1) are of
class CP~/ respectively, and satisfy the conditions

max( ||1\/I].(V)(x) || || N (x) ||) < K[minfx, 1 — x)]P~ ~/+0-
(xe[01; v=01,..,p—j;j=01,..,p—1), where kO, are
positive
numbers.

Remark 11: I I[;=l; =T (=01.,p—-1), then
problem (P) is a Neumann-type problem for equation (1.1) and the
domain Q bounded by the closed curvel’ =T, UT,, with the
boundary conditions (1.2) given on this curve. In particular, for
p =1 it is the Neumann problem corresponding to the Dirichlet
problem examined by G.Fichera [10].

2. Auxiliary results

Lemma 2.1: If u: Q — Y satisfies
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u(x y)
ZAm Y™, (1) + X771, ()] (@)
e @D
Z (o =" 4, () + (1= 0" T )] ()

(x,y) €Q), where A,=(k)H' for keNu{0} and
¢ .9 :[01] =Y and ¥, ,¥;,:[0,0] =Y, (m=1.2,..,p) are
functions of class C?, then u is a solution of equation (1.1) in Q.
Conversely, if uis a given solution of equation (1.1) in Q ,
then there are functions @y, @;:[(0,1] —=Y; ¢, ¥;:[0,0] —
Y,(k=0,1,..,p — 1) of class CP~¥, respectively, such that
X

by () = Bim B0 ) + (1= B1 ) [ (= )2 01 ()
0
\Pm(y) = 61m l/)()(y')

£ = 81) Ay j =™ P (D)
0

2.2)
1
8 () = Bum D) + (1 = 1) An_s f (€ — ™2 0y (€)dE

Wi () = Sum P50 + (1 = Sum) Ay j (0 = Y™ G

y
(m=12,..,p; A_{ =1), 8, is the kronecker delta, and that
equalities (2.1) are satisfied, respectively.
Proof: (cf. [15] p.8-11, [1] Lemma 1, and [5] Lemma 3.1).

Corollary 2.1: if u is a solution of equation (1.1) in Q, then we can
write
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Lu(x,y)
( P
BN+ D Gy () (@
= me (2.3)
FEN+ D Gy ®)
\ m=j+2

((x,y)€Q, j=0,1,..,p—1), where

1y =0;)+9; ) 15 (y) = 0,0+ (y)
(2.4)

and

x Yy
Gy () = f f A2 — &)y = MI™T 2 1y (&) ddé
00

25) .
Gy ) = [ [ Ayals
0~ I ) dnds
Remark 2.1: (of. [5] Remark 3.1) Ifu is of the form (2.1) (b) then
wy) = Y Analy" g, @)+ 2 T, )]
=

where

¢, (0

(2.6) )
. k-1
Tp) = O D A (7 ) o)
k=m

(m=12,..,p—1).
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Lemma 2.2: Let us consider the following functions
() = qoB " (y), A(x) =B og(x), w(x) = o op;(x)
2.7
where (x,y) € Q; j=0,1, ; —)1. Then the following relations
7 > 0on[0,0), 4 — 0on[0,1), ! — 1on (0,1] hold good,
when n tends to infinity, with — denoting the almost uniform
convergence.

Proof: (cf. [10], [1] Lemma 2, [4] Lemma 3, and [5] Lemma 3.2).

Lemma 2.3: There is a sufficiently small number & €
(0, minii1, ¢)) such that

min (/1 (x),t (y)) > 0, max (/1 (x),t (y)) <gq for (x,y) €
(0,6)%;
0<p(x)<q forxe(1-46,1),
where (j = 0,1, ...,p — 1), and q is a number in (0, 1).

Proof: (cf. [1] Lemma 3, and [5] Lemma 3.3).

Lemma 2.4: Let 2 < n € N. The inequalities

. d ,n d n d an a p n
min <E Af(x)’@ Tj(y)> > 0, max <dx Aj(x),dy Tj(y)> <
hold good for (x,y) € (0,5)?, and the inequalities

d
0<—uj(x) <q",
arevalidforx e (1-6,1), j=0,1,...,p—1).

Proof: (cf. [1] Lemma 4, and [5] Lemma 3.4).

Lemma 2.5: The following inequality holds good

dk
maX<(sgSp 2ok L) SUp 175k ”(y)‘ P u,( )‘ )
< CnPk- 1)q

(mneN, k=23,..,p—j; j=01,..,p—2; p=2),whereCisa
positive constant independent of n.
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Proof: (cf. [1] Lemma 5, p.1017-1020).

Remark 2.2 (cf. [1] Remark 2) It follows from Lemma 2.2 that for
any numbers y’' € (0,0) and x',x" € (0,1) there is a number n, €
N such that the relations

) €0,8); () €[0,6); W)€ -51]
(G=0,1,..,p—1) hold good forn € N,n = ny,and all y € [0,y],
x €[0,x', and x € [ x", 1], respectively.

Proposition 2.1: Letj be a fixed integer (0 <j<p—-1), and
assume for p>2 and 0 <j<p—2 that®; and;, wherev =
j+1,j+2,..,p—1, are known functions of class CP~~! on
[%9,1] and [og, o], respectively, where X, = Bgl(cro), and o be
arbitrarily fixed (0 < ¢y < o) such that

” (Dj;(k)(x)” < C,(1— x)Pv+i-k+0,

(2.8)

*(k _ _
| @) < ce —yyrriiro
(k=01,..,p—v—-1;, v=j+1,j+2,..,p—1), where C, and
©, are positive constants. System

87 (x) = by () 80 ; (x) + P, (x)

(2.9),

() = BioB (M@ 0B (v) — W oB ™ ()]
considered in the domain A: = [%,, 1]x [0y, ¢], has a solution
given by the formulae

070 = B () = § ()
(2.10) )
i) =P (y) = Bjop T (W[ S0B7H(y) = W0 ()]
((x,y) € A), where

500 =) BaCOR o) W) = W () + W)
n=0
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with
Ba( =] [Bow@;
s=0

B () = W () — b )V oy (x); W} () = L2 N (x);

B(x)
e(x) d
W*2(x) = — Z Gm j (6, V)| y=p,
j ’ y=B;x)
B(x) dfi; ey j
and
a;op;(x) N N
b (x) = ;f;;) DOV =V + VR, V() =
ef(’" M, (0);
14
20y 80 | 4 D
V2 (x) = $Co |dn, 2 G (6, y)
m=j+2
y= a](x)

g (x) = /1 +( ()% &) = /1 + (B (x))?% .

It is the unique solution of system (2.9) in the class K of all
continuous functions @;': [%, 1] — Y and y;": [0, 0] — Y such
that

0 Coll < G — 70
(G=01,..,p—1), where (f] and éj are positive constants.
Moreover, the functions (D]'- and lﬁ] given by formulae (2.10) are of

class CP~7/ 1, and satisfy inequalities analogous to (2.8) with v = j
and some positive constants ; and ©; .

Proof: (cf. [1] proposition 2, and [5] proposition 4.1).

Proposition 2.2: Under the assumptions of Proposition 2.1 with the
replace of [Xj,1] and [0y, o] by [0,X%;] and [0, o], respectively,
(1-x) byxand (o —y) by y,and @, by ¢, W/, respectively.
System

®; (x) = (B ()" ;08 (x) + W (x)
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(2.11)

Y, ) =aq ) Yot (y) +Q;(y)
considered in the domain A:= [0,%,] X [0, 0¢], has a solution
given by the formulae

0 () = 8 (): = (B ()™ 508, () + W ()

(2.12)
YO =) :=5©)
(x,y) € A, where

SG) = ) 400 07 B);
W () = W2Gx) + W2
With
n—1
Any) = Hajo 7 ();
s=0
Q) = Bio B O Vo B () = Wio B ()],
p
2on_ ) | d |

W = B (x) dfy m;-Z G, (%, y)] )
y=Bjx)

and V() = V() + V2();

p
ij(x)= g(x) | d Z Gm,j(x,y)] )
y=0;(x)

ol; (x) qu’ +2
.Bj,O .Bj_l )

YO =T

It is the unique solution of system (2.11) in the class K]-0 of all
continuous  functions @;:[0,% ] — Y, and ¥;:[0,00] —Y;
(j=0,1,...,p — 1) such that

[, o0l < G yP*or,
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where Q and @1- are positive constants. Moreover, the

functions @7 and ¥ given by formulae (2.12) are of class CP~/ 1,
and satisfy inequalities analogous to (2.8) withv =j, x instead
of (1 —x), yinstead of (o —y) and some positive constants C;
and ©; .

Proof: The proof is analogous to that of Proposition 2.1 (cf.[1]
proposition 1).

Remark 2.3: (cf. [1] Remark 3). Evidently, the functions V; and W;
depend on T, 420 s Tp—1 for j =0,1,...,p — 2 while V1 and
W,_; aregivenby V,_1(x) =V,_1(x); W,_;(x) = W,_; (x).
Similarly, the functions V;* and W;* depend on
Fitr [agr s Tp—g fOr j=01,...,p —2 while V3_; and W3 _,
are given by
VZ—l(x) = le—l(x)i W}—l(x) = W;—l(x) .

3. Main result

Let us assume that the normal vectors n; and f; are directed

a; (x) 1
coslox,n; ) = — ; cos(oy,n; ) = ——
(ox,1y) e (x) (0y.1) )
, (3.1)
- Bi(x) - 1
cos(ox, ;) = % cos(oy, ;) = et

Then by formulae (2.3), (2.4), and (2.5) we get
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—[qu(x y)]
3 x)
= )®()+1()¢]()’)
P
Z mj(x'y)
%[qu(x,y)] |
ﬁ( )
]() 0 (x) — ]()wj(y)
e z Gm,j(x'y)
T m=j+2
(3.2)
—[qu(x 2]
x)
= ( ®()+()1/J,(Y)
mj(xry)
d .
E[L’u(x,y)]
J !
_ X 1
- é]( (D (X) ]( ) lp] (}’)
ZGmww
m=j+2

Imposing on function u given by (2.1) the boundary conditions
(1.2), and using the relations (3.2) we obtain the systems of
integral-differential- functional equations of the form

8; () = (o (D))~ ;00 () = V; (x)
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(3.3) , , ,

8;(0) = (B D)™ 9y 0 B (0) = W (%)
(x€[01];j=01,..,p—1).
And

8; (1) = (o4 ()™ ;" 0y (x) = Vi (x)

, B4
B; (x) — (B; ()~ ;0B (x) = W' (x)
(x€[01];j=01,..,p—1).

We shall now use a method similar to that in [10] and [3].
Let o € (0, o) be arbitrarily fixed, denote x; = o (09);
% =B (op) for; j=0,1,..,p— 1.
We are going to consider problem (P) in the rectangles A, and A,
successi- vely, beginning with A.
From (2.7) the system (3.4) is equivalent to the system (2.9).

Let us observe that the first equation of system (2.9) is a
functional equation of the type examined for Y = Rin [12],
Chapter. Il. By using the iteration method for first equation of (2.9)
we obtain

0} () = By 41 () 0 0100 + Y Bu(x) By ol ()
n=0

holds good form € N . , ,
It follows from proposition (2.1) that, the functions ¢; and ¥

satisfy system (3.4) in A if, and only if for ¢; (1) =¢;(¢) =0and
(¢}, 9;") € K" the following equalities

1

000 = 0,00 = - | §©)d

X

(3.5)
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W) =)

o

=~ [ Bos Nl S0 57 ()~ wo g Gl
(,y)€EA; j= O,ly, ...,p — 1) hold good.

We now consider problem (P) in the domain A. The system (3.3)
IS equivalent to the system (2.11). From the second equation of
system (2.11) we conclude by iteration that for every m € N the
following equality

YO = 4D BTN+ D 4, (5) Q07 3)
n=0

holds good. , ,
It follows from proposition (2.2) that, the functions @; and

satisfy system (3.3) in A if, and only if for @;(0) = ; (0) = 0 and
(8;,9;) € K? the following equalities

X

9;(x) = 0} (x): = j[(ﬁj(f))"l 0B + W (§)]d¢

0

(3.6)
y

W) = P00y) = j S (ndn
((x,y)€h; j=01,..,p—1)hold ggod.

Let us consider a function u defined by the formula

p
w6 y) = D Ay "R ()
m=1

+x™ T R ()] (3.7)
((x,y) € Q) in which
(P () for0=x<%
on () = {$m(x) forf, <x<1
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(3.8)
1 _ Y. (y) for0<y< o
Fm (V) = {‘Tlm(y) foropg<y<c
(m =12, ..,p), o, (x) and &, (y) being given by (2.6), where
by Oy P, and Wy, are defined by equalities (2.2) with @, ¥,
@; and y% replaced by @.9,¢ 2, @, and 1, respectively (cf.
formulae (3.5),(3.6)).

It follows from propositions 2.1 and 2.2 that, the said function
satisfies the boundary conditions (1.2) on the parts of the curves
oIy, ....Tp—q and Ty Ty, ..., T4 contained in A U A.

Evidently (cf. Lemma 2.1), u is a solution to equation (1.1)
provided that

o0 (%) = L %0); ¥ (00) = T (o)
(3.9)
form=12,..,p; 0<r,s<p.

Let us observe that we still have to impose on the function u the
following requirements:
1°- The first of the boundary conditions (1.2) is to be satisfied on
the partsof Iy I}, ...,Tp_q.
- If p = 2 then the second of the boundary conditions (1.2) is to
be satisfied on the parts of 'y T, ...,Fp_l .

By Remark 2.1 and relations (3.7) and (3.8) we get

u@w—mew " (0 + X7 W ()]

(x € [Xy,1];y e [0 oo]). Hence (cf. (2.2))
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Uu(x,y) = Z Az_j 2[

m=j+2

—x)(n )] n- 2Bm-1(8) dndé
f f [(x— ) =M™ Y2, (n) dndg
+ 16,0 + 6o
and then from (3.1) we obtain
dinj[yuu,y)] |
g

= ()‘””]()

+— Z Gy (5.9

m=j+2

W' ()

where

1 o
Gy (6 ) = A2, [ [ 1= 0@=y1"78, 1@ anae
Xy

x Y
+ [ [ 1= 0= mmT= p o dnd |
00

Imposing the requirement 1° on the function u (cf. (3.7)), we
obtain

(x)~
e,()‘“)+

,( ") ¥} 00 (x)

Z G j (2, ) ‘
y=a;(x)

m=j+2

= M;(x) (3.10)
(x € [Jfo,xj]; j=01,..,p—1).
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Similarly, imposing the requirement 2° on the function u (cf.
(3.7)), and using Remark 2.1 and relations (3.1), and (3.8) we
obtain

Bix) 1 .
e ®; (x) — o) P;0p; (x)
14
d A %
+ 2, Gy
me y=B;(x)
= N (x) (3.11)

(x € [X;,%]; j=0,1,..,p— 1), where
x Y

Goy (oY) = A5, l [ 1= o0 =mimT= 0% 1 dnag
00

1 o
[ [ 1€ =00 -1 i) dnd
Xy

Thus, a sufficient condition for the existence of a solution to
problem (P) is the following one

(©) = ((3:9); (3.10); (3.11))
(3.12)

consisting in the validity of relations (3.9); (3.10) and (3.11).
Hence the solution of problem (P) (given by formulae (3.7) and
(3.8)) is unique if the functions @;,9;, ¥; and ¢; G =0,1,...,p —
1) appearing in (2.2), (2.6), (3.7) and (3.8) satisfy the condition
(CY) consisting in the validity of the following relations

8;(0) =;(0) = 0; (1) = (0) =0

(3.13)
((Z)]’-,l,lijt) € K" in A; ((Z);f’,l,b]f" ) EK/inA
(G=01,..,p—1).
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As a result, we can formulate the following theorem.

Theorem 3.1: If Assumption I, Il are satisfied and condition (C)
(cf. (3.12)) fulfilled, then problem (P) has a solution given by

formulae (3.7) and (3.8) together with (2.2), (2.6), (3.5) and (3.6).
This solution is unique provided that the functions @;, @;, 1, and

Y, G =0,1,..,p — 1) appearing in formulae (2.2), (2.6), (3.7) and
(3.8) respectively, satisfy condition (C1) (cf. (3.13)).
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