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Abstract

Fisheries are important economic resources in many countries of the world, but the main resource in some
of these countries. Marine science has evolved in the invention of the process of cultivation and development
of this wealth by establishing farms along the sea and even in places far from it to increase the production of
this main food To many of the peoples of the world, and Libya from countries that have been very interested in
this side and succeeded in establishing many fish farms along the long Libyan coast, and the farm of
AinGhazala and RasHilal is one of the most important farms in eastern Libya.
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Abstract

In this research we study the qualitative theory of differential
equations, where discuss the definitionof two-dimensional
autonomous systems, critical points, stability of linear systems
and present someexamples.

This work aims to explore how can transformation the
nonlinear system to linear system to know the types of critical
points and an eigen values and we gives some methods to do
that. Also we discusses a Periodic solutions and limit cycle.
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Introduction

Introduction

The qualitative theory of differential equations was created by Henri
poincare (1854-1912) in severamajor papers between 1880 and 1886.
poincare was professor a the university of Paris and is
generalyconsidered the leading mathematician of histime.

In differential equations he was a pioneer in the use of asymptotic
series, he used asymptotic expansions to obtain solution about irregular
singular points.

Two-dimensional autonomous systems have the form

X'=fxy y=gxy ... (11
where x = x(t) and y=y(t) are unknown scalar functions, and f and g are
functions have continuous
first partial derivatives, and this system has critical point (x,, vy) when
f x0.Yo = g %0, Y0 = 0.
A system (1.1) we can writeit as
x'=ax+ by+ € xy yi=ex+dy+ € xy,
Where a, b, c and d are constants,e; x,y ,€; X,y are polynomials of
degree two or higher. This system is called linear when €; x,y and
€; X,y equal to zero, and called Non- linear if ; x,y ande; x,y are
not equal to zero.
A linear system
x ! a b X
Yy ¢ d ¥
Which has critical point (xg, ¥p). To determine types of critical points of
this system, we have to find the eigenvalues of this linear system.Also, to
known kind of critical points of Non- linearsystem, we have to
linearization the Non- linear system to linear system.
S0, in this research we study the stability of critical points of linear and
nonlinear systems, and wedivided our work to four chapters as follows.
Chapter one: - contains a definition of two dimensional autonomous
systems, phase plane, and criticalpoints of a linear system, and we show
some examplesto find a singular point.
Chapter two. In this chapter, we will present stability of linear systems,
where we give some cases todetermine the types of critical points
constructive on sign of the eigenvalues.Chapter three. This chapter
discuss two dimension nonlinear systems and gives two methods to
trandation a Non- linear system to linear system, also we discuss the
stability of critical points of the nonlinear systems. Chapter four.
Introduce periodic solutions and limit cycles, and some important
theorems.

4 (e Galad) 23l ) Gaalil Alse



20182 | Qualitative theory of differential equations

Chapter One:
Autonomous Systems and Phase Space

5 (e Galad) 23l ) Gaalil Alse



2018 | Qualitative theory of differential equations

Chapter One: Autonomous Systems And Phase Space:-

Autonomous Systems and Phase Space

1.1Definition (Autonomous systems): -
A systemin the form

I I E
x'=f x ,wherex’ = 7y
is called autonomous system, since t does not appear explicitly
in the system.

Example: - The following first order separable equations are
autonomous

x'= 2x+ 3.

!

X = sinx.

The independent variable t does not appear explicitly in these
eguations. The following equations are not autonomous

x' = 2x + 3t.
x" = t?sinx.
1.2Two-dimensional autonomous systems:-

A two-dimensiona (2D) autonomous system in continuous
time is specified by a pair of real variables x and y whose time
evolution is specified by two coupled, first-order, ordinary
differential equations of the form

X'=fx,y ,¥V=9x,9 .. ..(11)

Wherex = x(t) and y = y(t) are unknown scalar functions, and
x and g together with their first partia derivatives are
continuous in some domain I" of the xy-plane. If z = (x,y),

then (1.1) isof theformz' = fz = fx,y,g x,y
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Autonomous Systems And Phase Space

1.3 Definition (Critical point):-

1. A point (xg, ¥g) € I'iscaled acritical point or singular point
of asystem (1.1),if f x5,¥e0 = g Xg,¥ = 0

2. A critical point (xq, Vo) IS called isolated if there exists a
neighborhood of (xg, ¥g)such that there is no other critical point
of the system in this neighborhood.

3. A point of T" whichisnot critical is called aregular point.
Example:- Find the critical points of the systemand determine
whether they are isolated or not.

x'=yi-x, y=x(-y%2. ... ....(12)
Solution.
Since y?-x=0oy?=
xx-1=0=>x=0,x=
Ifx=0=y=0,
Ifx=1=>y= %1,
Hence, the critical points of the system (1.2) are 0,0 ,(1,1)
and these critical points are isolated.
Phase plane and Phase portrait:-
1. If we regard t as a parameter, then asolutionx = x t ,y =
y(t)of the system (1.1) will represent a curve in the xy-plane
lying in I'such a curveis called atrgectory (orbit, characteristic)
of the system.
2. The set T is called the phase plane of the system
3. A sketch of the trgectories of the dynamical system in the
phase plane is called a phase portrait. A phase portrait usually
contains the sketches of few trgectories and indication of the
direction in which the curve is traversed. This direction is the
direction of motion of a point (x,y) as t increases. The
direction isindicated by the velocity vector

Vx,y=xy= fx,y,gx,y

Example: - Consider

x then x%-y?=x%-x-=
1,
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Chapter One: Autonomous Systems And Phase Space

In this example the phase plane isT = R? and the general
solution of the system is given by
xt =¢get ,yt = et

Thus the trgectories are straight lines through the origin. To
determine the direction of motion we look at

Vxy= -%x,-».
It follows that in the phase plane for x > 0and y > 0, the vector
V is oriented downward to the left. In the second quadrant(x <
0,y < 0), Visoriented downward to the right.
In the third quadrant, V is oriented upward to the right. In the
fourth quadrant,V is oriented upward to the | eft.
Example:- Consider the uncoupled system

x'=-x ,y' =2y
It has the solution

xt =cget,yt = e

The trajectories are hyperbolas y = ¢»¢;%/x% and the lines
x = 0,y = 0.to determine the direction of motion we look at

Vx,y = -x2y.
It follows that in the first quadrant, the vector Vis oriented
upward to the left.
In the second quadrant, V' is oriented upward to the right.
In the third quadrant, V is oriented downward to the right.
In the fourth quadrant, V' is oriented downward to the left. [2, 3]

L
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Chapter two

Stability of linear systems
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Chapter two :-Stability of linear systems

Stability of Linear Systems

2.1Definition (Stability of Linear Systems). Consider the
2 x 2 linear system
x'= Ax,

Whered is an invertible matrix. Then the only critical point is
the origin which corresponds to the zero solution. This solution
Is stable if and only if the eigenvalues of A are either real and
negative or else complex with non-positive real part, and it is
asymptotically stable, if the complex eigenvalues of A have
strictly negative real part.

Now. We next consider what the behavior of a real two
dimensional system,

X'=ax+ by ,y' =cx+dy.......(21)
Where a, b, ¢ and d are real constants, isin the various cases for
the eigenvalues.

Case 1. Distinct real eigenvalues 4y # 4.
In this case, the matrix A can be diagonalize. So, by a change of
coordinates, the system can be
transformed to the system,
x' A4 0 x
y 0 A, ¥y
which has the solution
xt = xpeMt | xp=x0,
yt =ye’t | y=y0,
L et us consider the cases for the signs of 4;and 4,:-
Subcase 1A. Both eigenvalues are negative .
In this case we have 4, < 4;< 0, (i.e) (x t ,y(t)) » o as
t — oo for any initial conditions, so the origin is asymptotically

stable. In this case, we have%E > 1.
1

If xo = 0, the integral curve approaches the origin along the
y - axis.

If xo # 0, the an integral curve must lie in the locus of a power
curve of theform y = C|x|*2/M1,
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Chapter two :-Stability of linear systems

Subcase 1B. One negative eigenvalue and one zero eigenvalue.
Suppose that we haved; < 4; = 0. The solution of the systemis
x(t) =xpandy t = yge’2t. Thus, the points on thex — axis
are all fixed, A point of the x - axis approaches the x -
axis asymptotically along the vertical line x = x,. In this case,
the origin is stable, but not asymptotically stable. x and
yinterchanged.
Subcase 1C. One zero eigenvalue and one positive eigenvalue.
Suppose that 0 = A4 < A, . The solution is x(t) = x, and
y t = yse?2t. Thus, points on the x - axis are fixed , and
other points escape to infinity along the vertical linex = x,.The
origin is unstable.
Subcase 1D. One negative and one positive eigenvalue.
Suppose that 4; < 0 < A,. The solution isx t = xge?tt and
y t = yse’2! . Points on the x — axis approach the origin
asymptotically, while points on the y - axis go away from the
origin. If we have a point (xy,¥y) not on either axis, the
x — axis of the trgjectory goes to zero, while the y — axis goes
to + 0. In this case the exponent is negative, so these curves
have the coordinate axes as asymptotes. The origin is unstable.
Case 2. Non real eigenvalues.
Suppose that A = a + i, is a complex, non real, eigenvalue of
A. This means there is a complex vector w such that Aw =
Aw.The conjugate A of A is also an eigenvalue, with eigenvector
w. The vectors w and w are linearly independent over the
complex numbers, and the general solution of the system (2.1)
inthiscaseis:
xt = e%xycosft+ e*y,sin fit
yt = -e*xysinft + e* 'y, cos ft

Subcase 2E. Imaginary eigenvalues.
Supposethat & = 0. Then, the solutionis

xt _ cosfit sinfit Xp

y(t) ~ -sinfit cosBt Yo e e e e (2.2)
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Chapter two :-Stability of linear systems

A little thought will show that the 2 x 2 matrix in this equation
is the matrix of clockwise rotation through ft radians. Thus,
each point travels around acircle.
Subcase 2F. Non real eigenvalues with negative real part.
Suppose that the eigenvalues are ¢ + fi, where @ < 0. The
solution can be written as
X _ ottt cosfit sinfit Xg
¥ -sinffit cospt Yo
Thus, every trajectories spirals in to the origin, so the origin is
asymptotically stable.
Subcase 2G. Non real eigenvalues with positive real part.
In this case the solution is again given by (2.2), but with> 0.
Thus every trgectory spirals away from the origin, and the
origin is unstable.
Case 3. One eigenvalue of multiplicity two.
In this case, the eigenvalue A; must be rea, and the
characteristic polynomial of 4 is (4 - 4;)2.Thus, we must have
(A - A50)% = 0. We consider two major subcases.
Subcase 3H. 4 # Agl.
In this case, the solution isjust x t = xge?ol, y t = yye’ol.
The solutions stay on the radia lines through the origin.
If 45 < 0, al solutions approach the origin asymptotically,
If A5 > 0, al solutions go to infinity along the radial lines.
If Ao = 0, dl points are fixed.
Subcase 31. A # Ayl.
Let N = A - Ayl. Inthiscasewe have N2 = 0 but N # 0. Since
N # 0, we can find some vector v; such that v; = Nv, # 0.
Note that Nv; = N%v, = 0. We claim that the vectors v, and
v, are linearly independent. To see this, suppose that ¢c;v4 +
2> = 0. Applying N to both sides of this equation yields
¢>vy = 0. Thisimpliesthat ¢; = 0, since v4 is nonzero, and this
in turn implies and this in turn implies that ¢; = 0. Using the
definition of N, we see that
Avy = A1y
Avs = Agvp + 14,
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Chapter two :-Stability of linear systems

Thus, if we change to the canonical coordinate system given by
V= v,v,, we see that matrix of this linear transformation
given by multiplication by A is,

Ag 1
B= "0 1,
It is easy to calculate that,
eBt = elol  telot
- Agt
0 e”o
Thus, in the canonical coordinates, the solution of the systemis
x t = xpgelol + yotetot |yt = ysetol,

If 15 < 0, every solution will approach the origin. If ¥4 = 0, the
solution approaches the origin along the x — axis. If yy # 0 the
differencey t - x(t) approaches 0 at about the same rate as
(x t ,v t ) approaches the origin ast — oo, so the trgjectory is
asymptotictotheliney = x ast — oo,
In case A > 0, every point (except the origin) goesto infinity.
If yo = 0, the point goesto infinity along the x — axis.
Finally: consider the case 4; = 0. In this case the solution is
xt =x9+ yptandyt = yy. Thus, points on the x - axis
are fixed and all other points go to infinity along a horizontal
line. This completes our cases by case discussion of the linear
systems.
Example:- Find the eigenvalues of the system

x'=-x+y

y=cx-y ,c# 0

Then determine the kind of zero solution.

Solution:-
since
-1 1
N it
A- Al = 1.1
det A- Al =22+21+ 1-¢ =0
Then = 2‘/—-—1+\/—
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Now. in terms of ¢, and use a numerical solver to discover the
shape of solutions corresponding to the case ¢ = :1 ,4,0and - 9.

1 1 1
If ¢ = :}then= -1+ g = -1+ E:>’11= -
the zero solution is stable.
When c= 4, then A= -1+ +V4=-1+2 =21=1,3. And
the zero solution is unstable.
When ¢ = 0,then 4 = - 1. The zero solution is stable.

Whene = -9,thend = -1+ 3i = zero solution is stable.
2.2 Definition (Node, saddle, center, and spiral
points):-
If 0,0 is a critical point of A in a system 2.1 ,4, and4, are
eigenvalues of A Then
(0,0) iscalled anodeif A;and 4, are real with the same sign.
(0,0) is called a saddle point if A4 and A, are real with different
sign.
(0,0) iscalled acenter if 4yand A5 purely imaginary.
(0,0) is called a spira point or focus if 44 and A, are complex
conjugate with nonzero real part.
Example: - consider

x' -3 -2 X

y -1 0 Y
The only critical point is (0,0). The eigenvalues are 4 =
-1,4, = -2 are both negative so the critical point (0,0) is a
stable node.
And the system

. S0

b | L

)"12: -

[

x _1 -2 X

y 1 4 ¥
Has critical point (0,0) and 4; = 3,4, = 2 are both positive.
Thusthe origin is an unstable node.
Example (Non zero critical points):- consider the linear
system.

x'=2x-y,y =2x- 2.

Since, 2x- y=0o2x=ythen2x-2=y-2=0oy=
2,8nce2x=y =2x=2>=>x=1
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Then the only critical point is (1,2).
Now: we need to find the eigenvalues to a matrix
4o 2 -1,

2 0 ) ’
A-Al= )~

S>det A- Al =A2-21+2=0=>A1=1%1i

Since the eigenvalues of Aared = 1+ i . So the critical point
(1,2) isspira unstable. [6, 2]

15 (e padladl 20al) ) Giall Alas



20182 | Qualitative theory of differential equations

Chapter three

Non- linear systems

16 (e Galad) 23l ) Gaalil Alse



2018 | Qualitative theory of differential equations

Chapter three: Non- linear systems

Non-linear systems:-

In an autonomous nonlinear system the differential equations
contain nonlinear terms such as x?,e*,lnxsinx . These
dynamical systems have many applications including the ssmple
pendulum model given by

X =Y
y' = -g/lsinx.
the predator prey model given by
x'= —ax+ bxy
y'= —cxy+ dy

When a plane autonomous system is linear of theform x" = Ax.
With determinant 4 # 0, there is only one critical point which
isat 0,0 .However; a nonlinear autonomous system may have
many critical points. Given an initial point we do not know
which critical point (if any) the solution curve will approach.
We cannot even be sure that a solution curve through a point
initially close to a critical point x4 will remain close to
thatcritical point. It may well be driven to a second critical
point x5.

3.1Two- dimensional nonlinear systems:-

In this section, we will study:

the technique of linearisation.

linearise a nonlinear system using a change of variable.
linearise a nonlinear system using Taylor's series.

3.1.1 Linearisation:-

The technique of linearisation involves approximating a
complicated system of equations with a simpler linear system
we hope to gain insight into the behaviour of the nonlinear
system through an analysis of the behaviour of its linearisation.
We hope that the nonlinear system will behave locally like
itslinearisation, at least in a qualitative sense.
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Consider the nonlinear system(1.1) with critical point (p, q).
The transformationu = x - p ,v = y - g transformsthe
critical point (p, q) to the origin. Differentiating givesu' = x’
and v’ = y': Substitutingx = u+ pandy = v+ g intothe
original equations gives

!

u =au+ bv+ fu,v,

v'= cu+ dv+ gy u,v.

where f;(u,v) and g;(u,v) consist only of nonlinear terms.
Then the linear system

u' = au+ bv
I

v' = cu+ dv
Is said to be the linearisation of the nonlinear system provided
g1(u, v)

that
) - 0and ——=-0 ,as u?+ v - 0.
VuZ+ 12 Vu? + v2
These last conditions ensure that the nonlinear terms f; (u, v)and
g1(u, v) are negligible in comparison to u and v as the critica
point is approached.
In the examples that you will meet the nonlinear termsf; (u, v)
and g4 (u, v) will be polynomials with all terms of degree two
or higher.

Let
fi w,v = au®+ buv + cv?+ -
Then
. fl u,v
1m p——
l,_}‘—)ﬂ,ﬂ —\/uz_l_ UE
_ au? buv cv?
— lim ( —  + —  + _m+"')

auz buv cvz
< lim )

w00 V2 2

_ au® buv cv?
= lim + + + e
(x }‘)—>(ﬂﬂ) u v
(au+ bv+cv+--)=0
(A Jﬂ)*(ﬂﬂ)
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Thereforeif f_1 (u, v) consists of nonlinear polynomial terms it
can be neglected for small values of uand v
For example: -Consider the nonlinear system
x'= -2x+y, y' = -y+x% (3.1)
Since —2x+y=062x=y->-y+x%= -2x+ x?=
xXx-2 =0o0x=0,x=2
If x=0-y=0,ifx=2->y=4
Then the critical points of a nonlinear system (3.1) are (0,0)
and 2,4 .
For the critical point (0,0) no transformation is necessary asit is
already at the origin and the equations remain as
x'= -2x+y
y'= —y+ x4
Since the nonlinear terms are polynomials they can be neglected
hence the linearisation equation are
y = -y

For the critical point 2,4 usethesolutionx = u+ 2,
y = v+ 4 to movethe critical point (2 ,4) to the origin.
Since

x=u+2-x"=u

y=v+4-oy' =v
Substituting x , vin (3.1) we get

!

u'=-2u+2 +v+4
= -2u+ v

v'= —v-4+ u+2?

= -v-4+ul+ 4u+ 4
= u?+ 4u- v

Neglecting the nonlinear terms since they are polynomial gives
the linearisation.

u' = -2u+ v

v' = 4u- v,
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3.1.2Linearisation by Taylor’s series:-

Consider the nonlinear system (1.1) with critical point (p, q).
Any function which is differentiable can be written as a Taylor's
series as follows:

of of :
fxy=fpq+ x-p +y-q5z +Fxy)

L pa Y pa
where F(x, y)consists of nonlinear polynomial termsin (x — p)
and y- q .
Therefore
r=f ¥ + of + of + F
x=fxy =fp X-p = -q = Xy,

4 p.q p 5% pq y-dq 5y - y
; dg g
y:gx,y:gp,q+x—p5 +}"f?5— tGxy.
Pq ¥ p.q

If we use the change of variableu = x- p ,v = y - g thiswill
transform the critical point to the origin and differentiating gives
u'= x'and v' = y'. Since (p,q) is a critical point f p,g =
g p,g = Oand for points near to the critical point (x — p) and
(v - q) are small and the nonlinear terms F(x, y) and G(x, y)
can be neglected. Substituting in the original equations gives

u' = au+ bv,

v' = cu+ dv.
_ S ,_958 __ 9% _ g
Wherea = ﬁx,b— 5y C = ﬁxandd— 5y
. . . ! u
This can be written in the form % = ': 3 y where

| = " f{l Is called the Jacobian matrix.

To transformation the nonlinear system in a last example by

Taylor's seriesto linear system supervene the steps the deifying.
Since thecritical pointsare (0,0) and 2,4 .

Find the Jacobian matrix
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of of
_ 6x &y _ -2 1
j_ﬁgﬁg_Zx—l
5x &y

=2 1
Jo,0) = 0 -1

Hence the linearisation at point (0,0) is

u _ -2 1 u
v 0 -1 v
u'=-2u+ v, v'= v
_ -2 1
Jen= , 4
u _ -2 1 u
v 4 -1 v
Therefore the linearisation at (2,4) is
u'=-2u+v |, v'= 4u-v

Remark:- If the Jacobian matrix evaluated at the critical point.
Then,

1. If both the eigenvalues of | are real and positive, the critical
point is an unstable node.

2. If both the eigenvalues of | are real and negative, the critical
point is an asymptotically stable node.

3. If they are real but differ in sign, the critical point is a saddle
point.

4. If they are a complex conjugate pair with a positive real part,
the critical point is an unstable spiral point.

5. If they are a complex conjugate pair with a negative real part,
the critical point is an asymptotically stable spiral point.

6. If they are pure imaginary, the critical point is a stable center.
Example Discuss the stability of critical points of the nonlinear
eguation.

x'=fxy =8x-y? y=gxy =-6y+ 6x2..(32)
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Solution:-

The critical points of a nonlinear system (3.2) are 0,0 , 24 .
To discuss the stability of the critical points we have to
transformation the nonlinear system in (3.2) to linear system,
we will use Taylor series.

of of

IE 6x 8y _ 8 -2
dg &g 12x -6
5x 8y
u' _ 8 -2y u
vV 12x -6 VU

8 0
> Jo0) = 0 -6

to study the stability of critical point (0,0) we have to find the
eigenvalues of [:
8- 41 0

J= A= Tt 6o
~det]J-Al =A*-21-48=0-1,=-6,4,=8
since 44 and A, have a different sign so (0,0) is a saddle

unstable point.
Now. we have to find the Jacobian matrix at critical point (2,4).
_ 8 -8
- 82 "%
J= M= o4 _6-2

SdetJ- A = A2-21+144=0- 1= 2+ V572i

Since 44 , A,are complex conjugate pair with a positive real part.
So the critical point (2,4) isan unstable spiral point. [4, 5].

Finally. We will show the next table (3.1) to explain the

stability and types of critical points to linear and nonlinear
systems.
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Eigenvaluesof 4 | Type of critical point | stability of linear system | Type of critica point of
the nonlinear system
A< A4;,<0 Node Asymptoticallystable stable Node
A.> A4,> 0 | Node Unstable Unstable Node
A, < 0< A, | Saddle point Asymptotically Stable saddle
stable
atiff,a>0 | Spira Unstable Unstable spiral
atiff , a<0 | Spira Asymptotically Stable spira
+iff Center Stable Linearization fails

Table (3.1) Stability of linear and nonlinear system .

23
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4.1 Periodic solutions and Limit Cycles:-
In this section we discuss further the possible existence of
periodic solutions of Two-dimensional autonomous systems
(1.1). Such solutions satisfy the relation

xt+T =xt t=0,
for some T > 0. The corresponding trgectories are closed
curves in the phase plane. Recall that the solutions of the linear
autonomous system x' = Ax are periodic if and only if the
eigenvalues of A are pure imaginary, While if the eigenvalues
are not pure imaginary, then there are no (non constant) periodic
solution.
The following example illustrates a different. Way in which
periodic solutions of nonlinear autonomous systems can occur.
Example:- Discuss the solutions of the system.

X' oy+x-x(x?+y?
Yoo —x+y-y@tey?

Solution.

The only critical point of the system (4.1) is 0,0 . We will find

the corresponding linear system by Taylor series.

1- 3x%- y? 1- 2xy

/= -1-2xy 1- 2xy- 3y?
_ 1 1
Joo= 7 1~
Hence the linearisation at point (0,0) is
x' 1 1
y -1 1 y (42)

this linear system has eigenvalues 1 + .

Therefore the origin is an unstable spiral point for both the
linear system (4.1). and the nonlinear system (4.2). Thus any
solution that starts near the origin in the plane will spiral away
from the origin. Since there are no other critical point, we might
think that all solutions of equations (4.1) correspond to
trajectories that spiral out to infinity. However, we now show
that thisisincorrect because for away from the origin the
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trajectories are directed in ward. It is convenient to introduce
polar coordinates r and fwhere

x=rcosf ,y=rsinf, r=0..... (4.3)
If we multiply the first part of equation (4.1) by x, the second

part by y, and add, we then obtain,
dx dy

Xot yor = Xy + x2- xP - x%y2+ —xy+ y?- y2- y2x? -yt
= x2— x4 - 2x%y%+ y2 - 4
= x2+ y2— (x*+ 2x2y2 + yh),

dx dy_ 2 2 2 2
Xpt Y= X0y = (x4 y9)T (4.4)

———x 1 d dy
Sense r= x*+y? Lri=x*+y%: So 2r%=2xd—f+ Zyd—i‘_‘

oo _ 0, 0
at - Xac T Yar _
Hence from equation (4.2) we get
dr
r—=r?-ritz=r?1-r? . . 4.5
dt

The critical points for r > 0 are the origin and the point r = 1,
which corresponds to the unit circle in the phase plane. From

equation (4.5) if r< 1 then%> O,and ifr>1 then%< 0.
Thus inside the unit circle the trgectories are directed outward,
while outside the unit circle they are directed inward the circle
r = lisalimiting trgectory for this system.

To determine an equation for & we multiply the first of
eguation (4.1) by y, the secund by x, and subtract,

a'x_ dy
Yar~ ar
= y2+ xy— x3y- xy3- xy- x?2- x3y- xy3
dx  dy _ 2, .2 46
Yat " *ae -V T (4.6)
From equation (4.4)
= cosf dx-—r' Sda-— ae
"= P TIR T T
- rsing d}’_r Sdf?_ d6
y=rsing - = rcosf—r = x—
dx dy ,d8 . dé

Yar Yar” Y d dt
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= - xZ+ y? d_f?: _ zd_gl
_ dt dt
So equation (4.6) reducesto
Chapter Four :Limit Cycle
df df
21— g =
r T r T 1.... 4.7)

The system of equations (4.5), for r and @ is equivalent to the

original system (4.1).one solution of thesystem 4.5 ,(4.7) is
r=1, B=-t+ty.... (4.8)

where t, is an arbitrary constant. As ¢ increases, a point

satisfying equations (4.7) moves clockwise around the unit

circle. Thus the autonomous system 4.1)has a periodic solution.

Other solutions can be obtained by Sluing equation (4.5) by

separation of variables, if r # 0 and r # 1. then

or 1- r? or = dt 4.9
E—T r —»m— ...... .

We can find r,8 by integrating equations (4.7),(4.9) as
following

¢ = & - 4.10
T l-1? 0 Tyge2 T
dfd= -—dt-8=-t+t

where ¢g , t; are arbitrary constants. Hence in this example the
circler = 1 not only corresponds to periodic solutions of the
system x" = Ax. Several trgjectories are shown in,Figure 4.1

—
P
¥
i
-

Figure 4.1: Trajectories of the system(4.1).
In general:-
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1. A closed trgjectory in the phase plane such that other non-
closed trajectories spiral toward it either from the inside or the
outside, ast - oo, iscalled alimit cycle. (Thusthecycler = 1
iIsalimit cycle for the system(4.1).

Chapter Four :Limit Cycle

2. If all trgjectories that start near a closed trgjectory (both inside
and outside) spiral toward the closed trgectory ast - oo, then
the limit cycle is asymptotically stable.

3. If the trgectories on one side spiral toward the closed
trgjectory, while those on the other side spiral away ast - oo,
then the limit cycle is said to be semi stable.

4. If the trgjectories on both sides of the closed trgjectory spiral
away ast - oo, then the closed trgectory is unstable. [1]

4.2Definition:- (limit cycle).

If k is a cycle of the phase space of the relationx t+ T =
x(t), then kis called alimit cycle if there exists a neighborhood

of k such that any trgjectory passing through the neighborhood
Isnot acycle.

4.2.1 Theorem (Green’s theorem):- If C is a sufficiently
smooth simple closed curve, and fand g are continuous and
have continuous first partial derivatives; then

fxydy-gxydx= [fi x,y + gy(x,y)]dA
; R

C
where C is traversed counterclockwise and R is the region
enclosed by C.
Now: we will show theorem is a straightforward consequence of
Green's theorem in the plane.

4.2.2Theorem:-

Let the functions f and g have continuous first partial
derivatives in a simply connected domain D of the xy-plane. If
fx + gy has the same sign throughout D, then there is no closed

tragjectory of the system (1.1) lying entirely in D.
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Proof:-
Onany trgjectory x" = f x,y ¥ = g(x,y) wehave
dx [ xy
dy g(x,y)

Chapter Four :Limit Cycle

on any closed trgectory C, we have

fxydy-gxydx=0
C
by Green's theorem, we get

) [fe x, ¥ + gy(x,y)]dxdy = O

where R is the interior of C. If f, + gy, > 0 (or < 0) on D, then
we cannot find aregion C? D, Such that the last equality holds.
Hence, there can be no closed trgectory of the system x ¢ +
T =xt entirdyinD.
to illustrate Theorem (4.1.2). consider the system (4.1).

fry =y+x-x-xy® - fixy =1-3x*-y?

gxy =-x+y-x*y-y>- gy x,y = 1-x*-3y?
Sense x% + y? = r?

fox,y +gyxy =21-2r%.

Hencef, + g, ispositivefor0 < r < \/—12

so there is no closed trgjectory in thiscircular disk.

We showed in example (4.1.1). that there is no closed trajectory
in the larger regionr < 1.

This illustrates that information given by theorem (4.1.2) may
not be best possible result. So we will show the following
Theorem to gives conditions that guarantee the existence of a
closed trgjectory.

4.2.3 Theorem:-

Let the functions f and g have continuous first partia
derivativesin adomain D of the xy-plane. Let D, a bounded sub
domain in D, and let R be the region that consists of J; plus its
boundary (all points of R are in D). Suppose that D contains no
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critical point of the system 1.1 . If there exists a constant ¢,
suchthatx= ¢ t ,y= 1 t is a solution of the system (1.1)
that exists and staysin R for al t > t,, then either xp ¢t |

y = P(t) isaperiodic solution (closed trgectory) or

Chapter Four :Limit Cycle

x=¢@t ,y=1(t) spiras toward a closed trgectory ast -
oo, In either cases, the system (1.1) has a periodic solutionin R.
We close this section with another example of a nonlinear
system that has alimit cycle.
Example:- consider
X'=y+xl-x2-9y2, y'=-x+y1-x-9y2,
Solution.
To obtain the solutions, let us introduce polar coordinates
x=1rcosf ,y=rsind,
If r # O then the system becomes
r'z=r1-1?%,
8'=-1
The solutions of this system are

1
rt = (1+ ge?H)2

Ot =ty-t
sincexzrcosH,r:_;_— 0 =ty- ¢t
1+c e 2t
1 cost
X = .COS tp— t = 3
1+ ¢re 2 1+ cre 2t
: 1 _ - sint
y=rsinfd - y= ————sin(ty— t) = ———
1+ e 1+ e
Thus the solution of the system is given by
cost - sint
X= —— V= ——
1+ e 1+ e

If ¢; = 0, then the orbits are circles x? + y? = 1 described in
the clockwise direction.

If ¢; # 0, the orbits are not closed but have a spiral behavior.

If ¢; > 0, the orbits are spirals lying inside the circle x% + y? =
1. Ast - oo, they approach this circle and they approach the
critical pointast —» — o
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If ¢; < O, then the orbits are spirals lacing outside the circle
x2+ y2=1.
Thusthecircle x? + y? = 1 isalimit cycle of the system. [6]

Results

Results:-

From this work we conclude.

1. To determine the stability of critical points of a two
dimension autonomous systems, we have to find the

eigenvalues of linear systems, then from the sign of the
eigenvalues we can know the type of critical points (node,
saddle, center, or spiral), Also the stability of critical points
(stable, asymptotically stable, or unstable).

2. The easier mouthed to trandation a nonlinear systems to
linear systemsis Taylor series mouthed.

3. Solutions of the linear autonomous system are periodic if the
eigenvalues of a linear system are pure imaginary, while if the
eigenvalues are not pure imaginary, then there are no periodic
solutions.

4. Periodic solutions in the plane are special in that they divide
the plane into aregion inside the orbit and aregion outside it.

5. Limit cycle is a cycle of the phase space which satisfy there
exists a neighborhood of this cycle such that any trgectory
passing through the neighborhood is not a cycle.
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Abstract: The am of this study is to identify the factors that affecting Libyan
students’ achievement in mathematics. A questionnaire of 30 items was distributed for
around 275 students in Mezda. The total number of the respondents was 201 (74 male
and 127 female). One hundred and twenty students are in grade 7-9; and.eighty one
students are in secondary school. Students were asked to answer a 5-point Likert
scale. Factor analysis technique was utilized, and dependenee on'the Eigen values
over one, six factors were determined. The combination of items withleading greater
than 0.50 were considered as separate factors. These factors were-Teaching methods
and Practices, teacher’ attribution and their characteristic, students’ attitude towards
mathematics, classroom climate and students’ anxiety, these factorsswith students’
mathematics achievement. The results showed that the“teacher’ attribution and their
characteristic was the highest factor influencing the students’ achievement, and
students' attitude towards mathematics was the lowest factor influencing the students’
achievement. Moreover, the relationship among Teaching methods and Practices and
teacher attribution was high (0. 59).%Generally, good correlations were found among
these factors in one hand and student’s,achievement in mathematics in the other hand.

INTRODUCTION

There is no doubt-that mathematics is one of the most basic pillars of any
scientific progress, theteaching of'modern mathematics has become necessary of the
age of information revelution, asall inventions of cars, trains, computers, missiles, are
governed by the' laws. of mathematics (Salamah, 2003). The importance of
mathematics Jn scientific endeavour is explored by (Herbert, 1978) who views
mathematics as the *Queen and'Servant” of the sciences. According to (Herbert, 1978)
mathematics serves physics, chemistry, biology, economics and other sciences. Thisis
means that, for a'student to master these courses (physics, chemistry, biology, and
economics) he/she must be well-equipped and familiar with mathematics. Hence,
mathematics is,considered as backbone of any scientific undertaking, which the
students sheuld master prior to their profound in any scientific exercises. It is now
well recognized that student and family background characteristics consistently
explain a large proportion of the variance in student outcomes (Bosker & Scheerens,
1994). These characteristics include student gender, socio-economic background,
prior ability, attitudes, aspirations, and beliefs about learning. Classroom influences
include the student’s opportunities to learn within the classroom which is often a
measure of time exposed to a learning situation, the instructional practices that are
employed in the classroom, beliefs of the teacher about student learning and
pedagogies of teaching, the climate and environment of the classroom (Webster,
2002).

Several factors influence students’ achievement in mathematics. Some of these
factors are student persona attitudes towards mathematics, classroom climate,
mathematics anxiety (Lewis & Aiken, 1970), teachers attribution as lack of
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experienced mathematics teachers and shortage of qualified mathematics teachers
(Ale, 1989), students’ beliefs and attitudes toward mathematics (McLeod, 1992).
Furthermore, according to Adeogun and Osifila (2008), there are significant impact of
inadequate educational resources on students’ academic performance. They, Adeogun
and Osifila (2008) aso emphasized that teachers attributions and instructional quality
as teaching methods are the most important factors affecting student learning.
However, ongoing discussions about whether and to what extent teachers make a
difference in student learning relative to a range of other factors assumedly affect
student learning (Wong, 1992 ), as well, whether it could have been certain elements
of the teaching that can be systematically and causally linked to the student
achievement (Scriven, 1990).

Teachers’ characteristics and their experiences and behaviours'in the elassroom,
contribute to the educationa environment of the students, which'in turn will have an
impact on student achievement. There is a common assumption with regard to the
association among teacher experience and student achievement that is students who
taught by the most experienced teachers achieved higher levels. This is because their
teachers were mastered the content and obtained classroom management skills to deal
with different types of classroom problems. Studies on.the relationship between the
teachers’ experience and students’ performanee “showed contradictory results. A
positive relationship between teachers’ experiences and Student performance was
found by Fetler (2001), (Darling-Hammond, 2000), and Bodenhausen (1988), while
Chhinh and Tabata (2003) found a week pesitive correlation. Moreover, Klecker
(2002) noted that there is no significant differenees in students' achievement by their
teachers’ years of teaching.

Instructions are mainly.related to the characteristics of the classroom. It is about
the interaction of the teacher, students,“and the curriculum. Hiebert and Grouws
(2007) noted that some. teaching.features are more effective for promoting skill
efficiency than for premoting conceptua understanding. The findings from the studies
they reviewed indicated. that instruetion that emphasizes conceptual development
facilitated both skill learning and conceptual understanding, besides, when teaching
promotes coenstructive struggleswith mathematics, students’ understanding increases.
A similar observation was made by Stevenson et al. (1986), that when students are
exposedto.rigorous mathematics content, the learning is increased.

Math anxiety 1S another factor that was shown, experimentally, to influence
students’s mathematics achievement. According to Ashcraft (2002) mathematics
anxiety is'a feeling of tension, apprehension, or fear that interferes with one's
performance’in mathematics. Many studies on mathematics anxiety were supported
the opinion that there is a weak relation between mathematics anxiety and students’
achievement in mathematics, as shown for examples, by (Ashcraft & Kirk, 2001;
Cates & Rhymer, 2003 ; Woodard, 2004). These studies are also emphasized the
importance of the potentia effects that mathematics anxiety on mathematics
performance. In addition, the classroom climate such as the number of studentsin the
classroom and the commitment of the students calms and quiet in the classroom, were
also influence the students’ achievement. Some research has suggested that there is
significant impacts of pupil-teacher ratio diminution on test scores in some contexts
(Angrist & Lavy, 1999; Krueger & Whitmore, 2002). In contrast, Banerjee et al.
(2004) explained that there is no effect of the reduction in pupil-teacher ratio achieved

34 ( )



2018 _»w | Exploratory Factor Analysis of Libyan Student’s Achievement in
Mathematics

through the hiring of aremedial education teacher for students who remained with the
regular (civil service) teacher.

OBJECTIVESOF THE STUDY

1. To determine the underlying factors that affecting Libyan students’
achievement in mathematics.

2. To investigate the relationship between these factors with students’
mathemati cs achievement.

STATISTICAL ANALYSIS

Factor Analysis is a statistical method used to identify the number of (factors)
contained in a set of observed variables and to identify the subset“of variables that
corresponds to each of these factors. According to DeCoster (1998) there is ene type
of factor analysis ; that is exploratory factor analysis (EFA), Which attempts to
discover the nature of the constructs influencing a set of responses. Therefore, the aim
of this study was to determine the key factors that inffuencing the achievement of
Libyan students in mathematics, where the type of factor analysis, EFA 'was applied.

METHODOLOGY

A total of 201 respondents were participated-in this'study. The respondents are
students in secondary and preparatory schaols in Mezda. One hundred and twenty
students are in preparatory schools, eighty one studentsiare in secondary school. Out
of the 201 sample, 63.2% are females.and 36.8%.are males (as shown in Table 1). The
respondents were given a questionnaire:which contains of demographic information
and it contains 30 items about Teaching metheds. and Practices, teacher’ attribution
and their characteristic, students’ attitude towards mathematics, classroom climate
and students’ anxiety, with students’ mathematics achievement factor. The students’
mathematics achievement was_determined by students’ mid-term exams and fina
exams scores in the'first semester 2016. The 30 items were listed on 5-point Likert
scale ranging from 1 (strongly agree) to 5 (strongly disagree). The instrument was
administered by the researcher and the respondents were given ample time to answer
the questions:

Table 1. Respondents’ Profile

Type N Factor Frequency Percentage (%)
Femae 127 63.2
Gender 201
Mae 74.0 36.8
"12-14" 1220 60.7
Age 201
Morethan14  79.0 30.3
Class 7-9 120.0 59.7
Class 201
Secondary 81.0 40.3

However, the number of items was decreased to 25 items because of low factor
loading during the EFA process.

RESULTS
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This study is utilized Exploratory Factor Analysis to identify the underlying
hypothesized construction of students’ mathematics achievement factors. This was
conducted using SPSS 18.0 computer software package.

Reliability:

The items were ranked on a five-point Likert scale; 1 = strongly agree, 2 =
agree, 3 = moderately agree, 4 = disagree and 5 = strongly disagree (Hair, et al.,
2010). The reliability coefficient of this study items was 0.902, and each of the
subscales showed reliability values ranging from 0.733 to 0.910, the value of
Cronbach apha should be at least 0.70 for any research using the survey method.

Thus, the variables of students’ mathematics achievement resulted in acceptable value
of internal consistency for this study.

Exploratory Factor Analysis (EFA)

The EFA was considered to decrease the number of items in the instrument to
maximize the explained variance and identify the appropriaie number of itemsin each
of the variables factors (Netemeyer, Bearden, & Sharma;.2003).

The Kaiser Meyer-Olkin measure of sampling.adequacy (KMO) vaue was
equa to 0.856, which is regarded as excellent based ‘on the suggested criteria for
KMO value by Hair et a., ( 2010). The correlation between most of the items was
found higher than 0.2. The significance of Bartlett's test of Sphericity (p = 0.000)
supported the evidence that the items can be factored.

Using a varimax orthogona rotation, six factors with a factor loading higher
than 0.5 were formed. Table 2 shows loading factors of students’ achievement in
mathematics. Where, factor one was Teaching method and practise (TPM), and it
contained 12 items. The maximum and minimum loading for this factor were 0.804
and 0.502, respectivelys The.second factor'was the Classroom climate (CLR) with
four items and it is leading between 0.641 and 0.829. The third factor was Students’
Mathematics Achievement (ACHI). with two items and their loading was 0.842 and
0.816. The fourth' factor. was Students attitude towards mathematics (SATM)
contained two items with loading of 0.865 and 0.841. The fifth factor was Students’
anxiety (ANXI) which contained two items with loading of 0.833 and 0.749. The last
factor was the Teachers attribution and characteristic (TAC) with two items, and their
loading were 0.721 and.0.601.
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Table 2. Items of students’ achievement in mathematics with factors loading obtained from EFA process

Factors

Items

2

Loading
3 4 5 6

Teaching method and teaching practise (TPM)

Classroom climate (CLR)

Students’ Mathematics Achievement (ACHI)

Students attitude towards mathematics (SATM)

Students’ anxiety (ANXI)

Teachers attribution and characteristic(TAC)

TPM1 0.804
TPM2 0.787
TPM3 0772
TPM4  0.750
TPM5 0705
TPM6 0695
TPM7 0693
TPM8 0.642
TPM9 0617
TPM10 0541
TPM11 0533
TPM13 0502
cL1

cL2

cL3

CL4

GR2

GR1

ATM1
ATM2
ANX1
ANX2

TGl

TC2

0.829
0.671
0.668
0.641

0.842
0:816
0.865 %
0.841
0.833
0.749
0.721
0.601

The data were analyzed to examine the descriptive statistics for each variable.
Table 3. shows the Pearson correlation, means and standard deviations of the
variables in this study. The variables'tange from1t0 5 on a five-point Likert scale.
On all variables’ measures, the mean varies from 2.09 on students’ achievement to
3.82 on students’ attitudes towards mathematics.

Table 3. Pearson correlation, means, and standard deviations

Variables TPM  TAC CLR  SATM ANXI ACHI
TPM =
TAC ~ 5O1*

CLR 434 305+

WSATM  250¢% 167¢ .170¢

ANXI  332%% 278%% 105 373

ACHIEV .385%* 474%* 322%* 047 093

Mean 243 288 243 38 301 209
S 811 954 903 862 1165 .862

** p<0.01, * p<0.05
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DISCUSSION

This study was carried out to identify the underlying key factors that effecting
students’ achievement in mathematics, and to evaluate the reliability and validity of
the students’ mathematics achievement instrument by employing the exploratory
factor analyses to Libyan students. The analyses pointed out six factors on students’
mathematics achievement, that include Teaching Practices, teacher attribution,
classroom climate, students’ attitude towards mathematics and students’ anxiety, in
addition to students’ mathematics achievement.

Anaysis of the correlations among the variables was performed to investigate the
existence of associations among the mentioned factors with students’ mathematics
achievement.

The highest correlation among these factors with students’. achievement was
between teacher attribution and their characteristic on one hand and students’
achievement on the other hand (r = 0.474). This means that'when teachers’ attribution
and their characteristic, especially their experience “improved;  thew’students’
achievement also was increase, this was mentioned by'Darling-Hammond (2000). The
result showed that the teaching practices correlated positively and significantly with
students’ achievement (r = 0.385). It is asoypointed out that there was a strong
relationship between teacher attribution and their characteristic with teachers’
practices (r = 0.591), i.e., when teachers have good experience and high qualification,
their practices in classroom were increased.” The lowest, correlation (r = 0. 047) was
between students’ achievement ands.students® attitude towards mathematics. The
relationship between students’ attitude towards mathematics (SATM) and students’
anxiety (ANXI) on one hand and students’ smathematics achievement were weak. The
results aso showed positive relationships between teacher attributions and their
characteristic with teaching. methods and- teaching practices, classroom climate
(CLR), and students’<anxiety. Howewver,~there was a very low relationship among
teacher attributions “and their.characteristics and students’ attitude towards
mathematics. The Students’ attitude towards mathematics were weakly correlated with
students' achievement, teaching methods and teaching practices, teacher attribution,
and classreom.climate, whereas correlated positively and high with students’ anxiety.

CONCLEUSION

The goa of this study is to find out the key factors that effecting Libyan
students’ achievement in mathematics, where an exploratory factor analyses was
conducted. This study illustrated a positive correlation between teacher attribution and
their characteristics (TAC) such as teaching experience and students' achievement
(ACHI), and a significance positive correlation between students' achievement and
teaching methods and practices (TMP). The correlation between teaching methods
and practices and all factors were high and positive, while a low and positive
correlation with students’ attitude towards mathematics was observed. Classroom
climate was correlated weakly almost with all factors.

RECOMMENDATIONS

The outputs of the study may enable teachers to identify the gaps in their
instructional methodology and assist educationa authorities to prepare educational
development programs, particularly those designed to enhance teaching effectiveness.
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